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Abstract. In this paper, we investigate the monotone quasivariational inequality via fixed point problems of non-

linear mapping in Hilbert spaces. Convergence of algorithms for finding some common element of the set of fixed

points of strictly pseudocontractive mappings and the set of solutions of the monotone quasivariational inequalities.
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1. Introduction-Preliminaries

Recently, monotone quasi-variational inequalities have been studied as an effective and pow-

erful tool for studying a wide class of real world problems which arise in economics, finance,

image reconstruction, ecology, transportation, and network; see [1-21] and the references there-

in. It is well known that quasi-variational inequality problems include many important prob-

lems in nonlinear analysis and optimization such as the Nash equilibrium problems, fixed point

problems, complementarity problems, vector optimization problems, saddle point problems and
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game theory. For the solutions of quasi-variational inequality problems, there are several algo-

rithms to solve the problem; see the literature.

Let H be a real Hilbert space, whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖,

respectively. Let K be a closed convex subset of H and let A,g : H → H be two nonlinear

mappings and J : H → P(H) a multivalued mapping, where P(H) denotes the power set of H.

Then the following problems is said to be the monotone quasivariational inequality (MQVI)

problem: determine an element u ∈ H such that g(u) ∈ J(u) and

〈Au,v−g(u)〉 ≥ 0, ∀v ∈ J(u), (1.1)

which was considered by Verma [6].

For g= I, the identity on H, the MQVI problem (1.1) reduces to: determine an element u∈H

such that u ∈ J(u) and

〈Au,v−u〉 ≥ 0, ∀v ∈ J(u). (1.2)

Recall the following definitions:

(1) T is called r-strongly monotone if there exists a constant v > 0 such that

〈T x−Ty,x− y〉 ≥ r‖x− y‖2, ∀x,y ∈ H.

This implies that ‖T x−Ty‖ ≥ r‖x− y‖, ∀x,y ∈ K, that is, A is r-expansive and, when r = 1, it

is expansive.

(2) A is said to be µ-cocoercive if there exists a constant µ > 0 such that

〈T x−Ty,x− y〉 ≥ µ‖T x−Ty‖2, ∀x,y ∈ H.

Clearly, every µ-cocoercive mapping A is 1
µ

-Lipschitz continuous.

(3) A is called relaxed γ-cocoerceive if there exists a constant u > 0 such that

〈T x−Ty,x− y〉 ≥ (−γ)‖T x−Ty‖2, ∀x,y ∈ H.

(4) A : H → H is called Lipschitz continuous if there is a constant L > 0 such that for all

x,y ∈ H, we have

‖T x−Ty‖ ≤ L‖x− y‖.
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(5) A is said to be relaxed (γ,r)-cocoercive if there exist two constants u,v > 0 such that

〈T x−Ty,x− y〉 ≥ (−γ)‖T x−Ty‖2 + r‖x− y‖2, ∀x,y ∈ H.

For u = 0, A is v-strongly monotone. This class of mappings is more general that the class of

strongly monotone mappings. It is easy to see that we have the following implication:

r-strongly monotonicity⇒ relaxed (γ,r)-cocoercivity.

(6) S : H→ H is said to be nonexpansive if

‖Sx−Sy‖ ≤ ‖x− y‖, ∀x,y ∈ H.

S is said to be strictly pseudocontractive if there exists a constant κ ∈ [0,1) such that

‖Sx−Sy‖2 ≤ ‖x− y‖2 +κ‖(I−S)x− (I−S)y‖2, ∀x,y ∈ H.

It is clear that strictly pseudocontractive mappings include nonexpansive mapping as a special

case.

We now recall some well-known concepts and results:

Lemma 1.1. Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1−λn)an +bn, ∀n≥ n0,

where n0 is some nonnegative integer, {λn} is a sequence in (0,1) with ∑
∞
n=1 λn =∞, bn = o(λn),

then limn→∞ an = 0.

Lemma 1.2. For any z ∈ H, u ∈ K satisfies the inequality:

〈u− z,v−u〉 ≥ 0, ∀v ∈ K,

if and only if u = PKz.

Lemma 1.3. [6] Let H be a real Hilbert space and A,g : H → H be any mappings. Suppose

that J : H → P(H) is a multivalued mapping such that J(u) = m(u)+K for any u ∈ H, where

m : H→H is a singlevalued mapping and K is a closed convex subset of H. Then the following

statements are equivalent:

(1) An element u ∈ H is a solution of the MQVI problem (1.1).

(2) g(u) = m(u)+PK[g(u)−m(u)−ρAu].
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It follows from (2) that

u = u−g(u)+m(u)+PK[g(u)−m(u)−ρ(Au)],

where ρ > 0 is a constant. If u is some common element of the set of fixed points of the

nonexpansive mapping S and the set of solutions of the (MQVI) problem (1.1), then we have

u = u−g(u)+m(u)+PK[g(u)−m(u)−ρAu]

= S{u−g(u)+m(u)+PK[g(u)−m(u)−ρ(Au)]}.
(1.3)

Next, we shall denote the solution of the MQVI problem (1.1) by Ω and assume that F(S)∩

Ω 6= /0.

2. Algorithms

For J(u) = m(u)+K, where m : H→H is a single-valued mapping and K is a closed convex

subset of H, we have the following algorithms.

Algorithm 2.1. For any u0 ∈ H and g(u0) ∈ K, the sequence {un} is defined by an iterative

scheme
un+1 = (1−αn)un +αn

(
αI +(1−α)S

)
{un−g(un)+m(un)

+PK[g(un)−m(un)−ρAun]}, ∀n≥ 0,

where ρ > 0 is a constant and S is a κ-strictly pseudocontractive mapping.

If S = I, the algorithm (2.1) reduces to the following algorithm:

Algorithm 2.2. For any u0 ∈ H and g(u0) ∈ K, the sequence {un} is defined by an iterative

scheme

un+1 = (1−αn)un +αn{un−g(un)+m(un)+PK[g(un)−m(un)−ρAun]},∀n≥ 0,

where ρ > 0 is a constant.

If S = g = I and {αn} ≡ 1, the algorithm (2.1) reduces to the following:

Algorithm 2.3. For any u0 ∈ H and g(u0) ∈ K, the sequence {un} is defined by an iterative

scheme

un+1 = m(un)+PK[un−m(un)−ρAun], ∀n≥ 0,
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where ρ > 0 is a constant.

If J(u) ≡ K, where K is a closed convex subset of H, the algorithm (2.1) reduces to the

following:

Algorithm 2.4. For any u0 ∈ H and g(u0) ∈ K, the sequence {un} is defined by an iterative

scheme

un+1 = (1−αn)un +αnS{un−g(un)+PK[g(un)−ρ(Aun)]}, ∀n≥ 0,

where ρ > 0 is a constant and S is a nonexpansive mapping.

3. Main results

Theorem 3.1. Let K be a closed convex subset of a Hilbert space H and A : H → H be a

relaxed (γ1,r1)-cocoerceive and µ1-Lipschitz continuous mapping, g : H → H be a relaxed

(γ2,r2)-cocoerceive and µ2-Lipschitz continuous mapping and S is a κ-strictly pseudocontrac-

tive mapping. Suppose that J : H→ P(H) is a multi-valued such that J(u) = m(u)+K for any

u ∈H, where m : H→H is a single-valued Lipschitz mapping with the constant λ > 0. Assume

that α ∈ [κ,1), {αn} ⊂ [0,1] is chosen such that ∑
∞
n=0 αn = ∞ and θ1 + 2θ2 + 2λ < 1, where

θ1 =
√

1+ρ2µ2
1 −2ρr1 +2ργ1µ2

1 and θ2 =
√

1+µ2
2 −2r2 +2γ2µ2

2 . Then the sequence {un}

generated by (2.1) converges strongly to u∗ ∈ F(S)∩Ω.

Proof. Let T =: αI + (1−α)S. In view of Zhou [12], we see that T is nonexpansive with

F(T ) = F(S). Fix u∗ ∈ F(S)∩Ω. It follows that

u∗ = (1−αn)u∗+αnT{u∗−g(u∗)+m(u∗)+PK[g(u∗)−m(u∗)−ρAu∗]}.
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It follows that

‖un−u∗‖ ≤ (1−αn)‖un−u∗‖+αn‖un−g(un)+m(un)

+PK[g(un)−m(un)−ρ(Aun)]

−{u∗−g(u∗)+m(u∗)+PK[g(u∗)−m(u∗)−ρAu∗]}‖

≤ (1−αn)‖un−u∗‖+αn‖un−u∗− (g(un)−g(u∗))‖

+αn‖m(un)−m(u∗)‖+αn‖g(un)−m(un)−ρAun

− [g(u∗)−m(u∗)−ρAu∗]}‖

≤ (1−αn)‖un−u∗‖+2αn‖un−u∗− (g(un)−g(u∗))‖

+2αn‖m(un)−m(u∗)‖+αn‖un−u∗−ρ(Aun−Au∗)‖

(3.1)

Next, we consider the second, the third and the forth terms of rightside of (3.1), respectively.

By the assumption that A is relaxed (γ1,r1)-cocoercive and µ1-Lipschitz continuous, we obtain

‖un−u∗−ρ(Aun−Au∗)‖2

≤ ‖un−u∗‖2−2ρ[−γ1‖Aun−Au∗‖2

+ r1‖un−u∗‖2]+ρ
2‖Aun−Au∗‖2

≤ ‖un−u∗‖2 +2ρµ
2
1 γ1‖un−u∗‖2

−2ρr1‖un−u∗‖2 +ρ
2
µ

2
1‖un−u∗‖2

= (1+2ρµ
2
1 γ1−2ρr1 +ρ

2
µ

2
1 )‖un−u∗‖2

= θ
2
1 ‖un−u∗‖2

(3.2)

where

θ1 =
√

1+ρ2µ2
1 −2ρr1 +2ργ1µ2

1 .

Observing m : H→H is Lipschitz continuous with the Lipschitz continuity constant λ > 0, we

have

‖m(un)−m(u∗)‖ ≤ λ‖un−u∗‖. (3.3)
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Again, by the assumption that g is relaxed (γ2,r2)-cocoercive and µ2-Lipschitz continuous, we

obtain

‖un−u∗−g(un)−g(u∗)‖2

≤ ‖un−u∗‖2−2[−γ2‖g(un)−g(u∗)‖2

+ r2‖un−u∗‖2]+‖g(un)−g(u∗)‖2

≤ ‖un−u∗‖2 +2µ
2
2 γ2‖un−u∗‖2

−2r2‖un−u∗‖2 +µ
2
2‖un−u∗‖2

= (1+2µ
2
2 γ2−2r2 +µ

2
2 )‖un−u∗‖2

= θ
2
2 ‖un−u∗‖2,

(3.4)

where

θ2 =
√

1+µ2
2 −2r2 +2γ2µ2

2 .

Substitute (3.2), (3.3) and (3.4) into (3.1) yields that ‖un − u∗‖ ≤ [1− αn(1− 2θ2 − 2λ −

θ1)]‖un− u∗‖. We therefore obtain the desired conclusion immediately. This completes the

proof.

Corollary 3.2. Let K be a closed convex subset of a Hilbert space H and A : H→H be a relaxed

(γ1,r1)-cocoerceive and µ1-Lipschitz continuous mapping, g : H → H be a relaxed (γ2,r2)-

cocoerceive and µ2-Lipschitz continuous mapping and S is a nonexpansive mapping. Suppose

that J : H→ P(H) is a multi-valued such that J(u) = m(u)+K for any u∈H, where m : H→H

is a single-valued Lipschitz mapping with the constant λ > 0. Assume that {αn} ⊂ [0,1] is cho-

sen such that ∑
∞
n=0 αn =∞ and θ1+2θ2+2λ < 1, where θ1 =

√
1+ρ2µ2

1 −2ρr1 +2ργ1µ2
1 and

θ2 =
√

1+µ2
2 −2r2 +2γ2µ2

2 . Then the sequence {un} generated by (2.1) converges strongly to

u∗ ∈ F(S)∩Ω.
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