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Abstract. In this paper, the authors extent some generalized contraction mappings in the concept of G-metric

spaces. Additionally, the authors also present fixed point theorems of such contraction mappings in partially

ordered complete G-metric spaces. Our results generalize and extend the results of Yan, Su and Fang [A new

contraction mapping principle in partially ordered metric spaces and applications to ordinary differential equations,

Fixed Point Theory and Appl, 2012 (2012), Article ID 152] and the results of Amini-Harandi and Emami, [A fixed

point theorem for contraction type maps in partially ordered metric spaces and application to ordinary differential

equations, Nonlinear Anal. 72 (2010), 2238-2242].
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1. Introduction

In 2004, Mustafa and Sims introduced a new notion of generalized metric space called G-

metric space [1], and they showed classical Banach fixed point theorem in the context of a

G-metric space. Following these results, several authors obtained further fixed point results
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in G-metric spaces (see, e.g., [2-6]). On the other hand, the existence of a fixed point for

contraction type maps in partially ordered metric spaces has been considered in [7-11].

In this paper, we give the introduction of the concept of G-metric spaces and fixed point

theorems on G-metric spaces, then preserve the works on fixed point theorems of generalized

contraction mappings principle in partially ordered G-metric spaces.

2. Preliminaries

To ease understanding of the material incorporated in this paper, we first recall some defini-

tions and conclusions which will be needed in proving our main results.

In 2004, Mustafa and Sims introduced the concept of G-metric spaces as follows.

Definition 2.1. Let X be a non-empty space, G : X ×X ×X → R be a function satisfying the

following properties:

(G1) G(x,y,z) = 0 if and only if x = y = z,

(G2) G(x,x,y)> 0 for all x,y ∈ X with x 6= y,

(G3) G(x,x,y)≤ G(x,y,z)for all x,y,z ∈ X with y 6= z,

(G4) G(x,y,z) = G(x,z,y) = G(y,z,x) = · · · (symmetry in all three variables),

(G5) G(x,y,z)≤ G(x,a,a)+G(a,y,z) for all x,y,z,a ∈ X (rectangle inequality).

Then the function G is called a generalized metric or, more specifically, a G-metric on X , and

the pair (X ,G) is called a G-metric space.

Definition 2.2. Let (X ,G) be a G-metric space, {xn} be a sequence of points of X ,

(1) {xn} is G−convergent to x ∈ X if limn,m→+∞ G(x,xn,xm) = 0, that is, for any ε > 0, there

exists N ∈ N such that G(x,xn,xm)< ε for all n,m≥ N.

(2) A mapping T : X×X is said to be G−continuous if {T (xn)} is G-convergent to T x where

any {xn} is G− convergent to x.

(3) A sequence {xn} is called a G−Cauchy sequence if for any ε > 0, there exists N ∈ N

such that G(xn,xm,xl)< ε for all m,n, l ≥ N, that is, G(xn,xm,xl)→ 0, as m,n, l→+∞.

(4) (X ,G) is called G−complete if every G−Cauchy sequence is G−convergent in (X ,G).

Proposition 2.3. [1] Let (X ,G) be a G-metric space, the following are equivalent:
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(1) {xn} is G− convergent to x;

(2) G(xn,xn,x)→ 0 as n→+∞;

(3) G(xn,x,x)→ 0 as n→+∞;

(4) G(xn,xm,x)→ 0 as n,m→+∞.

Proposition 2.4. [1] Let (X ,G) be a G-metric space, the following are equivalent:

(1) The sequence {xn} is G−Cauchy;

(2) ∀ε > 0, there exists N ∈ N such that G(xn,xm,xm)< ε for all n,m≥ N.

Definition 2.5. [1] Let (X ,�) is partially ordered set, (X ,G) be a G-metric space, A partially

ordered G-metric space (X ,G,�) is called ordered complete if for each convergent sequence

{xn}∞
n=0⊂ X , the following conditions hold:

(P1) if {xn} is a non-increasing sequence in X such that xn→ x∗, then x∗ � xn, ∀n ∈ N,

(P2) if {yn} is a non-decreasing sequence in X such that yn→ y∗, then y∗ � yn, ∀n ∈ N.

In [12], Mustafa proved the classical Bannach contraction principle mapping in the context

of G-metric spaces as follows.

Theorem 2.6. [12] Let (X ,G) be a complete G−metric space and T : X → X be a mapping

satisfying the following condition for all x,y,z ∈ X :

G(T x,Ty,T z)≤ kG(x,y,z), (2.1)

where k ∈ [0,1). Then T has a unique fixed point.

Theorem 2.7. [2] Let (X ,G) be a complete G−metric space and T : X → X be a mapping

satisfying the following condition for all x,y,z ∈ X :

G(T x,Ty,Ty)≤ kG(x,y,y), (2.2)

where k ∈ [0,1). Then T has a unique fixed point.

Definition 2.8. An altering function is a function ψ : [0,∞)→ [0,∞) which satisfies

(a) ψ is continuous and decreasing.

(b) ψ(t) = 0 if and only if t = 0.
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Amini-Harandi and Emami proved a fixed point contraction type maps in partially ordered

metric spaces in [13]. The following class of function is used in [13].

Let Γ denote the class of functions β : [0,∞)→ [0,1) which satisfies the condition β (tn)→

1⇒ tn→ 0.

Theorem 2.9. [13] Let (X ,�) be a partially ordered set, and suppose that there exists a metric

d such that (X ,d) is a complete metric space. Let f : X → X be an increasing mapping such

that there exists an element x0 ∈ X with x0 � f (x0). Suppose that there exists β ∈ Γ such that

d( f (x), f (y))≤ β (d(x,y))d(x,y) for each x,y ∈ X with x≥ y.

Assume that either f is continuous or X is such that if an increasing sequence xn→ x ∈ X, then

xn ≥ x, ∀n ∈ N. Besides, if for each x,y ∈ X, there exists z ∈ X which is comparable to x and y,

then f has a unique fixed point.

Very recently, Yan, Su and Fang preserved another contraction mapping principle in partially

ordered metric spaces in [14] as a generation about Theorem 2.9.

Theorem 2.10. [14] Let X be a partially ordered set and suppose that there exists a metric d in X

such that (X ,d) is a complete metric space. Let T : X → X be a continuous and nondecreasing

mapping such that

ψ(d(T x,Ty))≤ φ(d(x,y)), for each x,y ∈ X with x≥ y,

where ψ is an altering distance function and φ : [0,∞)→ [0,∞) is a continuous function with

the condition ψ(t) > φ(t) for all t > 0. If there exists x0 ∈ X such that x0 ≤ T x0, then T has a

fixed point.

The following definition and lemma will be used in our proof.

Definition 2.11. If (X ,�) is a partially ordered set and T : X → X , we say that T is monotone

nondecreasing if x,y ∈ X ,x� y⇒ T x� Ty.

Lemma 2.12. [14] If ψ is an altering distance function and φ : [0,∞)→ [0,∞) is a continuous

function with the condition ψ(t)> φ(t) for all t > 0, then φ(0) = 0.

In Section 3, we extend the results of [13] and [14] in partially ordered G-metric spaces.

3. Main results
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In what follows we prove the following theorems which are the generalized types of Theorem

2.9 and Theorem 2.10.

Theorem 3.1. Let (X ,�) be a partially ordered set endowed with a G-metric and T : X→ X be

a given mapping. Suppose that the following conditions hold:

(1) (X ,G) is G-complete;

(2) T is nondecreasing (with respect to �);

(3) there exists x0 ∈ X, such that x0 � T x0;

(4) T is G-continuous;

(5) T : X → X satisfies the following condition for all x,y,z ∈ X :

G(T x,Ty,T z)≤ β (G(x,y,z))G(x,y,z). (3.1)

Then T has a fixed point. Besides if for all (x,y) ∈ X ×X, there exists w ∈ X, such that x � w

and y� w, then the fixed point is unique.

Proof. Since there exists x0 ∈ X , such that x0 � T x0, and T is nondecreasing (with respect to

�), we obtain by induction that,

x0 � T x0 � T 2x0 � . . .≤ T nx0 � T n+1x0 � . . . (3.2)

Put xn = T nx0,n = 1,2, · · · . If xn0 = xn0+1 for some n0, then u = xn0 is a fixed point of T . So,

we can assume that xn 6= xn+1 for all n. Since xn � xn+1 for each n ∈ N by (3.2), we find

G(xn,xn+1,xn+1) = G(T xn−1,T xn,T xn)

≤ β (G(xn−1,xn,xn))G(xn−1,xn,xn)

≤ G(xn−1,xn,xn).

. (3.3)

Define tn = G(xn,xn+1,xn+1). Then {tn} is a decreasing sequence and bounded below. So

limn→∞ tn = t ≥ 0. Assume t > 0. We obtain from (3.1) that

tn
tn+1

=
G(xn,xn+1,xn+1)

G(xn−1,xn,xn)
≤ β (G(xn−1,xn,xn)) = β (tn),n = 1,2 . . .
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The above inequality yields limn→∞ β (tn) = 1. It follows from β ∈ Γ that t = 0, i.e. for ∀ε > 0,

there exists N > 0, when n > N,

G(xn−1,xn,xn)< ε. (3.4)

Now we are in a position to show that {xn} is a G-Cauchy sequence. On the contrary, assume

that

limsup
n,m→∞

G(xn,xm,xm)> 0. (3.5)

With the help of (3.2), G(4) and G(5), we have

G(xn,xm,xm)≤G(xn,xn+1,xn+1)+G(xn+1,xm,xm)

≤G(xn,xn+1,xn+1)+G(xn+1,xm+1,xm+1)+G(xm+1,xm,xm)

=G(xn,xn+1,xn+1)+G(T xn,T xm,T xm)+G(xm,xm+1,xm)

≤G(xn,xn+1,xn+1)+β (G(xn,xm,xm))G(xn,xm,xm)

+G(xm,xm+1,xm+1)+G(xm+1,xm+1,xm)

=G(xn,xn+1,xn+1)+β (G(xn,xm,xm))G(xn,xm,xm)

+2G(xm,xm+1,xm+1),

which implies, G(xn,xm,xm)≤ (1−β (G(xn,xm,xm)))
−1[G(xn,xn+1,xn+1)+2G(xm,xm+1,xm+1)].

Since limsupn,m→∞ G(xn,xm,xm)> 0 and limn→∞ G(xn,xn+1,xn+1) = 0, we find that

limsup
n,m→∞

(1−β (G(xn,xm,xm)))
−1 =+∞,

form which we get

limsup
n,m→∞

β (G(xn,xm,xm)) = 1.

On the other hand, we obtain

limsup
n,m→∞

G(xn,xm,xm) = 0.

Note that β ∈ Γ, which contradicts (3.5). So {xn} is a G-Cauchy sequence in X . Since (G,�)

is a G-complete metric space, then there exists u ∈ X such that

lim
n→∞

G(xn,u,u) = 0. (3.6)



GENERALIZED CONTRACTION MAPPINGS 7

We will show that u ∈ X is a fixed point of T , that is u = Tu. Since T is G-continuous, then the

sequence {T xn}= {xn+1} converges to Tu, that is,

lim
n→∞

G(T xn,T xn,Tu) = lim
n→∞

G(T xn,Tu,Tu) = 0.

With the rectangle inequality (G5), we have

G(u,Tu,Tu)≤G(u,xn+1,xn+1)+G(xn+1,Tu,Tu)

=G(u,T xn,T xn)+G(T xn,Tu,Tu).
(3.7)

Letting n→ ∞ in (3.7), we conclude that G(u,Tu,Tu) = 0. Hence, u = Tu, which means u is a

fixed point of T .

Finally, we prove the uniqueness of the fixed point. Let v be another fixed point of T . There

exists z ∈ X which is comparable to u and v. Monotonicity implies that T nw is comparable to

T nu = u and T nv = v, for n = 0,1,2 . . .. Moreover,

G(u,T nw,T nw) =G(T nu,T nw,T nw)

≤β (G(T n−1u,T n−1w,T n−1w))G(T n−1u,T n−1w,T n−1w)

≤G(T n−1u,T n−1w,T n−1w)

=G(u,T n−1w,T n−1w).

(3.8)

Define γn = G(u,T nw,T nw). We form (3.8) obtain {γn} is nonnegative and deceasing. Then

there exists r ≥ 0 such that limn→∞ γn = r. Next, we show that r = 0. Since (3.8), we have

G(u,T n+1w,T n+1w)
G(u,T nw,T nw)

=
γn+1

γn
≤ β (γn). n = 1,2 . . .

Letting n→ ∞ in the above inequality, we have

lim
n→∞

β (γn) = 1.

Since β ∈ Γ, we obtain r = 0, i.e,

lim
n→∞

G(u,T nw,T nw) = 0.

Similarly, we can obtain

lim
n→∞

G(T nw,v,v) = 0.
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By the rectangle inequality (G5),

G(u,v,v)≤ G(u,T nw,T nw)+G(T nw,v,v). (3.9)

Taking n→ ∞ in (3.9), we have G(u,v,v) = 0. Hence u = v.

Theorem 3.2. Let (X ,�) be a partially ordered set endowed with a G-metric and T : X→ X be

a given mapping. Suppose that the following conditions hold:

(1) (X ,G) is G-complete;

(2) T is nondecreasing (with respect to �);

(3) there exists x0 ∈ X, such that x0 � T x0;

(4) T is G-continuous;

(5) T : X → X satisfies the following condition for all x,y,z ∈ X :

ψ(G(T x,Ty,T z))≤ φ((G(x,y,z)). (3.10)

where ψ is an altering function and φ : [0,+∞)→ [0,+∞) is a continuous function with the

condition ψ(t)> φ(t) for all t > 0. Then T has a fixed point. Besides if for all (x,y) ∈ X ×X,

there exists w ∈ X, such that x� w and y� w, then the fixed point is unique.

Proof. In view of the condition (ii), there exists x0 ∈ X , such that x0 � T x0 and T is nonde-

creasing (with respect to �), we obtain by induction that

x0 � T x0 � T 2x0 � ·· · ≤ T nx0 � T n+1x0 � ·· · (3.11)

Put xn = T nx0,n = 1,2, · · · . If xn0 = xn0+1 for some n0, then u = xn0 is a fixed point of T . So,

we can assume that xn 6= xn+1 for all n. Since xn ≤ xn+1 for each integer n≥ 1, as the elements

xn+1 and xn are comparable form (3.11), we get

ψ(G(xn,xn+1,xn+1)) =ψ(G(xn−1,xn,xn))

≤φ(G(xn−1,xn,xn))

≤ψ(G(xn−1,xn,xn)).

(3.12)

Since ψ is an altering function, we have

G(xn,xn+1,xn+1)≤ G(xn−1,xn,xn).
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Define tn = G(xn,xn+1,xn+1), hence {tn} is decreasing and bounded below, then there exists

t ≥ 0 such that limn→∞ tn = t. As n→ ∞ in (3.12), we get ψ(t)≤ φ(t). By using the condition

of Theorem 3.2, we have t = 0, ie, limn→∞ tn = 0, which means, for ∀ε > 0, there exists k > 0,

when n > k,G(xn,xn+1,xn+1)≤ ε .

Now we are in a position to show that {xn}∞
n=0 is a G−Cauchy sequence. Suppose that {xn}

is not a G−Cauchy sequence, then there exists ε > 0 for which we can find subsequence {xnk},

with xnk > xmk > k such that

G(xnk ,xmk ,xmk)≥ ε, f or all k ≥ 1 (3.13)

Further, corresponding to mk, we can choose nk in such a way that it is the smallest integer with

xnk > xmk satisfying (3.13), then

G(xnk ,xmk ,xmk)< ε (3.14)

Form (3.13) and (3.14), we have

ε ≤ G(xnk ,xmk ,xmk)≤G(xnk ,xnk−1,xnk−1)+G(xnk−1,xmk ,xmk)

=G(xnk−1,xnk ,xnk−1)+G(xnk−1,xmk ,xmk)

≤G(xnk−1,xnk ,xnk)+G(xnk ,xnk ,xnk−1)

+G(xnk−1,xmk ,xmk)

=2G(xnk−1,xnk ,xnk)+G(xnk−1,xmk ,xmk)

<2G(xnk−1,xnk ,xnk)+ ε.

Letting k→ ∞, we get

lim
n→∞

G(xnk ,xmk ,xmk) = ε (3.15)
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By using the triangular inequality, we have

G(xnk ,xmk ,xmk)≤G(xnk ,xmk−1,xmk−1)+G(xmk−1,xmk ,xmk)

≤G(xnk ,xnk−1,xnk−1)+G(xnk−1,xmk−1,xmk−1)

+G(xmk−1,xmk ,xmk)

≤2G(xnk−1,xnk−1,xnk)+G(xnk−1,xmk−1,xmk−1)

+G(xmk−1,xmk ,xmk).

On the another hand,

G(xnk−1,xmk−1,xmk−1)≤G(xnk−1,xnk ,xnk)+G(xnk ,xmk−1,xmk−1)

≤G(xnk−1,xnk ,xnk)+G(xnk ,xmk ,xmk)

+G(xmk ,xmk−1,xmk−1)

≤G(xnk−1,xnk ,xnk)+G(xnk ,xmk ,xmk)

+2G(xmk−1,xmk ,xmk).

Taking k→ ∞ in the above two inequalities, we obtain

lim
k→∞

G(xnk−1,xmk−1,xmk−1) = ε. (3.16)

As nk > mk, since xnk−1 and xmk−1 are comparable, we find from (3.10) that

ψ(G(xnk ,xmk ,xmk))≤ φ(G(xnk−1,xmk−1,xmk−1)).

Letting k→ ∞, and taking into account (3.15) and (3.16), we have

ψ(ε)≤ φ(ε).

Form the condition of Theorem 3.2, we get ε = 0, which is a contradiction. This shows that

{xnk} is a G−Cauchy sequence, and since X is a G−complete metric space. there exists u ∈ X

such that limn→∞ G(xn,u,u) = 0.

Next, We show that u is a fixed point of T , that is u = Tu. Since T is G− continuous, the

sequence {T xn}= {xn+1} converges to Tu, i.e,

lim
n→∞

G(T xn,T xn,Tu) = lim
n→∞

G(T xn,Tu,Tu) = 0. (3.17)
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with the rectangle inequality (G5), we have

G(u,Tu,Tu)≤G(u,xn+1,xn+1)+G(xn+1,Tu,Tu)

=G(u,T xn,T xn)+G(T xn,Tu,Tu).
(3.18)

Letting n→ ∞ in (3.16), we conclude that G(u,Tu,Tu) = 0. Hence, u = Tu.

We prove the uniqueness of the fixed point finally. Suppose that v is an another fixed point of

T , we preserve two different cases.

Case 1. If u and v are comparable, then T nu = u is comparable to T nv = v, for n = 0,1,2 . . .

and

ψ(G(u,v,v))≤ψ(G(T nu,T nv,T nv))

≤φ(G(T n−1u,T n−1v,T n−1v))

≤φ(G(u,v,v)).

By the condition ψ(t)> φ(t) for all t > 0, we obtain G(u,v,v) = 0, which implies u = v.

Case 2. If u is not comparable to v, then there exists w ∈ X , such that x � w and y � w.

Monotonicity of T implies that T nw is comparable to T nu = u and T nv = v, for n = 0,1,2 . . ..

Moreover,

ψ(G(w,T nu,T nu))≤ψ(G(T nw,T nv,T nv))

≤φ(G(T n−1w,T n−1u,T n−1u))

=φ(G(w,T n−1u,T n−1u)).

(3.19)

Since ψ is an altering distance function and the condition of ψ(t)> φ(t) for t > 0, {G(w,T nu,T nu)}

is a nonnegative decreasing sequence, and there exists µ such that

lim
n→∞

G(w,T nu,T nu) = µ.

Letting n→ ∞ in (3.18), with ψ and φ are continuous functions, we have,

ψ(µ)≤ φ(µ).
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By the condition of Theorem 3.2, φ(µ) = 0 which implies µ = 0. In a similar way, we can also

obtain

lim
n→∞

G(w,T nv,T nv) = 0.

Finally, since

lim
n→∞

G(w,T nu,T nu) = lim
n→∞

G(w,T nv,T nv) = 0,

the uniqueness of the limit gives us u = v. The proof is completed.

In what follows, we prove that Theorem 3.1 and Theorem 3.2 are still valid for the case that

T is not necessary continuous.

Theorem 3.3. Let (X ,�) be a partially ordered set endowed with a G-metric and T : X→ X be

a given mapping. Suppose that the following conditions hold:

(1) (X ,G) is G-complete;

(2) T is nondecreasing (with respect to �);

(3) there exists x0 ∈ X, such that x0 � T x0;

(4) X is ordered complete;

(5) T : X → X satisfies the following condition for all x,y,z ∈ X :

G(T x,Ty,T z)≤ β (G(x,y,z))G(x,y,z). (3.1)

Then T has a fixed point. Besides if for all (x,y) ∈ X ×X, there exists w ∈ X, such that x � w

and y� w, then the fixed point is unique.

Proof. Letting {xn} and u be as in the proof of Theorem (3.1), we only need to show u = Tu.

Since X is ordered complete, taking into account (3.2) and (3.6), we conclude xn � u for all n.

Then, We find from (3.1), G(5) and (3.6) that

G(Tu,u,u)≤G(Tu,xn,xn)+G(xn,u,u)

=G(T xn−1,T xn−1,Tu)+G(xn,u,u)

≤β (G(xn−1,xn−1,u))+G(xn,u,u).

Letting n→ ∞ in the above inequality, we obtain G(Tu,u,u) = 0, that is, Tu = u.
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Theorem 3.4. Let (X ,�) be a partially ordered set endowed with a G-metric and T : X→ X be

a given mapping. Suppose that the following conditions hold:

(1) (X ,G) is G-complete;

(2) T is nondecreasing (with respect to �);

(3) there exists x0 ∈ X, such that x0 � T x0;

(4) X is ordered complete;

(5) T : X → X satisfies the following condition for all x,y,z ∈ X :

ψ(G(T x,Ty,T z))≤ φ((G(x,y,z)), (3.10)

where ψ is an altering function and φ : [0,+∞)→ [0,+∞) is a continuous function with the

condition ψ(t)> φ(t) for all t > 0. Then T has a fixed point. Besides if for all (x,y) ∈ X ×X,

there exists w ∈ X, such that x� w and y� w, then the fixed point is unique.

Proof. Letting {xn} and u be as in the proof of Theorem (3.2), we only need to show u = Tu.

Since X is a ordered complete space, taking into account (3.11) and (3.17), we conclude xn � u

for all n, and

ψ(G(xn+1,Tu,Tu) = ψ(G(T xn,Tu,Tu))≤ φ(G(T xn,u,u).

Letting n→ ∞ in the above inequality and with ψ is an altering distance function, we obtain

ψ(G(Tu,u,u))≤ φ(0).

Using Lemma 2.12, we have

φ(0) = 0,

which implies ψ(G(Tu,u,u)) = 0, hence G(Tu,u,u) = 0, that is, Tu = u.
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