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Abstract. In this paper, we propose a hybrid implicit iteration method for a finite of asymptotically nonexpansive

mappings in Banach spaces. Under Opial’s condition, semicompact, condition (C) and liminf,_,.d(x,,5(T)) =
0, we prove some strong and weak convergence theorems for this family of mappings using proposed iteration
method. The results presented in this paper extend and improve the corresponding results of Xu (2001), Zeng

(2006) and Jiang (2014).
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1. Introduction

Let E be a real Banach space and let K be a nonempty convex subset of £E. A mapping 7 :
K — K is said to be nonexpansive if | Tx — Ty|| < ||x—y|| forall x, y € K. A mappingA: K — K
is said to be L-Lipschitzian if there exists a constant L > 0 such that ||[Ax — Ay|| < L||x —y|| for
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all x, ye K, n > 1. A mapping T : K — K is said to be asymptotically nonexpansive if there
exists a sequence {k,} C [1,00) with lim,_ ek, = 1 such that ||7"x — T"y|| < k, ||x — y|| for all
x,yeK,n>1.

Let K be a nonempty convex subset of E and let {T,-}f-\/:1 be a finite family of nonexpansive
self-maps of K. In 2001, Xu and Ori [1] introduced the following implicit iteration method. For

any xo € K and {0, },._; € (0,1), the sequence {x,},_, is generates as follows:

x1 = axo+(1—oy)Tixy,

X2 = 0OhXxy +(1 —062) hx,

av = oyxy—1+ (1 —ay)Tyxy
avt1 = Onp1xn + (1 —oygr) Tixn4

The scheme is expressed in compact form as

Xn = 0uXy—1+ (1 — ) Tyxy, Vn>1, (1.1)

where T, = Ty, (;uoa n) (here the mod N takes values in {1,2,--- ,N}), they proved weak conver-
gence theorem in Hilbert spaces.

Let {T,}ii | be a finite family of nonexpansive self-maps of a real Hilbert space H and G : H —
H. Suppose that there exists some constants kK, ) > 0 such that the mapping G is k—Lipschitzian
and n—strongly monotone. Let {a,}, | C (0,1), {A,},_, C [0,1) and take a fixed number

ue (0, i—ﬁ) . Zeng and Yao [2] introduced the following implicit hybrid iteration method. For
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an arbitrary initial point xo € H, the sequence {x,}, _, is generated as follows:

X = (X1X0—|—(1—061)[T1X1—ﬂ,l[.LG(Tlxl)],

X2 = Obhx1+ (1 — 062) [szz — lz,uG(szz)] ,

XN = OnxyN—1+ (1 — (XN) [TNXN — AN,LLG(TNXN)]

This scheme can be expressed in a concise form as follows

Xn = QpXp—1 + (1 — 04) [Tyxn — A G(Tyxy)], VYn>1, (1.2.)

where T, = T),(n0a n)- By using the iteration scheme (1.2), they obtained the weak and strong
convergence theorems in Hilbert space. It is clear that if A, =0, for all n > 1, then the implicit
iteration scheme (1.2) reduces to the implicit iteration process (1.1).

Recently, Jiang et al. [3] extended the results of Zeng and Yao from Hilbert spaces to Banach
spaces and proved weak and strong convergence theorems without the strong monotonicity
condition.

In this paper, motivated and inspired by above results, an hybrid implicit iteration method for
a finite of asymptotically nonexpansive mappings is introduced. Weak and strong convergence
theorems are obtained. The results presented in this paper improve and extend the corresponding

results of [1], [2] and [3].
The hybrid implicit iteration method.

Let E be a real uniformly convex Banach space and let K be a nonempty closed convex subset
of E. Let {Tl}f]: | : K — K be N asymptotically nonexpansive mappings with § = ﬂﬁ’le (T;) #0

and A : K — K be an L-Lipschitzian mapping. Assume that {a, } is a real sequences in (0, 1),
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{A} C[0,1), i is positive fixed constant. Then defined a sequence {x, } by

X1 = 0O4xo+ (1 — 061) [T1x1 — /ll,uA (Tlxl)] ,

Xy = 0Ohx1+ (1 — az) [T2x2 — AZ‘LLA (Tz)Cz)] ,
XN = ONXN—1+ (1 — OCN) [TNXN — )LN[JA (TNXN)]
_ 2 2
i1 = O+ (1= o) [Tiaw e — Aw g1 A (T xn 1) |
xon = Oonxon—1 + (1 — aan) [Tyxony — AavpA (Tyxon)]
xone1 = onyrxay + (1= ovgt) [T xons1 — Ao HA (TPxon41)]

(1.3)

which is called hybrid implicit iteration for a finite family of asymptotically nonexpansive map-
pings {71, T2, , In}.

For each n > 1, it can be written as n = (k— 1)N +1i, where i = i(n) € {1,2,--- N}, k =
k(n) > 1is a positive integer and k (n) — oo as n — oo. Therefore, we can (1.3) in the following

compact form:

Opxn—1+ (1 — ) [Tll((’%l)xn — AnUA (Tllg’g?)xn)} , n>1. (1.4)

The main purpose of this paper is to study the convergence of an iterative sequence {x,}
defined by (1.4) to a common fixed point for a finite family of asymptotically nonexpansive
mappings under Opial’s condition , semicompact, condition (C) and liminf, e d (x,, 5 (T)) =

0, respectively.
2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions.
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A Banach space E is said to satisfy the Opial’s condition [4] if, for all sequences {x,}
in E such that {x,} converges weakly to some x € E, the inequality limsup,_,., [[x, — x|| <

limsup,,_., ||x, — y|| holds for all y # x in E.

Definition 1.1. Let D be a closed subset of E and T : D — D be a mapping.

(i) T is said to be demiclosed at the origin if for each sequence {x,} in D, the conditions
X, — xo weakly and Tx,, — O strongly imply Tx¢ = O.

(ii) T is said to be demicompact if any bounded sequence {x,} in D such that {x, — Tx,}
converges, there exists a subsequence say {xnj} of {x,} that strongly to some x* in D.

(iii) T is said to be semicompact if for any bounded sequence {x, } in D such that {x,, — Tx, } —

0 as n — oo, there exists a subsequence say {x,, } C {x,} such that x,; — x* in D.

Senter and Datson [5] established a relation between condition (A) and demicompactness.
They showed that the condition (A) is weaker than demicompactness for a nonexpansive map-
ping T defined on a bounded set. A mapping 7 : K — K with F (T) ={x € K:Tx=x} #0is
said to satisfy condition (A) [5] if there exists a nondecreasing function f : [0,c0) — [0,00) with
f(0)=0and f(¢) >0 for all # € (0,00) such that ||x—Tx| > f(d (x,,F (T))) for all x € K,
where d (x,,,F (T)) =inf{||[x—ql|| : g € F (T)}.

A family {T;}_, of N of N self mappings of K with § = NN_F (T;) # 0 is said to satisfy
condition (C) on K [6] if there exists a nondecreasing function f : [0,1] — [0, 1] with £ (0) =0
and f () > 0 for all € (0,0) and all x € K such that ||x — Tjx|| > f (d (xn,F (T))) for at least

one 17, L =1,2,--- ,N; or in other words, at least one of the 7;’s satisfies condition (A).

Lemma 2.1. [7] Let {a,}, {b,} and {8,} be sequences of nonnegative real numbers satisfying

the inequality

ani1 < (1+6y)an+by, Vn>1,

if Yo by <ooandy |6, < oo, then limy,_,eay exists. If in addition {a,} has a subsequence

which converges strongly to zero, then lim,_,.a, = 0.

Lemma 2.2. (8] Let E be a uniformly convex Banach space and let a, b be two constants with

0 <a<b< 1. Suppose that {t,} C |a,b] is a real sequence and {x,}, {y,} are two sequences
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in E. Then the conditions

lim ||t,x, + (1 — t,)yn|| = d, limsup||x,|| < d, limsup ||y,|| <d
n—hoo n—oo n—oo

imply that im,_, ||x, — yn|| = 0, where d > 0 is a constant.

Lemma 2.3. [9] Let E be a real uniformly convex Banach space, K a nonempty closed con-
vex subset of E, and T : K — K be an asymptotically nonexpansive mapping. Then I —T is
demiclosed at zero, i.e. for each sequence {x,} in K, if {x,} converges weakly to q € K and

{(I—T )x,} converges strongly to 0, then (I —T) q = 0.
3. Main results

Theorem 3.1. Let E be a real uniformly convex Banach space, K be a nonempty closed convex
subset of E. Let {T,}iv: | be N asymptotically nonexpansive self mappings of K with sequences
{h,(j) } 1 <i<Nand3=n"_F(T;) #0; A:K — K is an L-Lischitzian mapping. Let the
hybrid implicit iteration {x,} be the sequence defined by (1.4), where {0, } is real sequences in
(0,1) and {A,} C [0,1) satisfy the following conditions:

(i) there exists constants Ty, Ty € (0,1) such that T} <(1 —ay,) < 10, Vn > I,

(ii) Yooy An < oo

(iii) Y2, (hy — 1) < oo, where hy = max {h,(}), A ,h,SN)} .

Then

(1) lim, o0 || X, — p|| = 0 exists, Vp € §;

(2) iMysoo | Tin — || = 0, VI = 1,2, -+ N,

(3) {xn} converges strongly to a common fixed point of {T;,T>,--- ,Tn} if and only if liminf,_,
d(x,,F)=0.
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Proof. (1) Since § = NY_, F(T;) # 0, for each p € F, we have

IA

IN

IN

% = pll
‘ OnXp—1 + (1 — i) [Y;I(Cr(z;l)x” —AupA (T/Eiﬁ’)x"ﬂ P H

O [ Xn—1 = pl[ + (1 — o)

T =T )
|

AR |

+(1— o) nuHA< xn>

O [|Xn—1 — pl| + (1 — o)
(1= ) 2[4 (140 ) = A )|+ (1= ) 20 4 (0]
Oty || X — 1_P||+(1_an)hk ”xn pll

(1= 0) Aty L1 — pll + (1 — @) it A (p)]. (3.1)

Since fy(y,) — 1 (n — o), we know that {hk(n)} is bounded, and there exists R; > 1 such that

hin) < Ri. Letd, = hy(,) — 1, Vn > 1, by condition (iii) we have } d, < eo. Hence, we have

n=1

Simplifying we have

=l
< s — pll+ (1= o) (1) 3 p
(1= ) AR L — pl| 4 (1 ) At [A (9
< s — pll + (1= )l p
AR L — p 4 At A (9] (32)
= pl
ot = P+ = pl+ 2B e, — pl 4 22 )
1 — pl + AR ol 2 A (). (3.3)

n n
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By condition (i) we have 1 — 75 < a,. Therefore, from (3.3) we get

2 = p|
dyp+ A UR\L Anld
< o = pl+ T el + 1A )
1—1
< Xp—1—
S =@tk PPl
Anld
. 1A (p)ll

1—1— (dn + /l,,,uRlL)

N 1 -1 — (dy + AuR L) n-1=P

Anll
e aamn A (3.4)

Since condition (ii) and ¥ d, < o0, we know that d,, + A,uR{L — 0 as n — oo; therefore there

n=1

exists a positive integer ng such that d, + A, uR; L < 1572 , for all n > ng. It follows from (3.4)

that
2(dy+ A URL 27, M
a—pll < (142G AEREDY o 22 )
1—-m 1—-1
= (1+68y) |lxn—1— pll +bu, (3.5)
where &, = %’Q&L) and b, = %{”T‘; |A(p)]||. By using condition (i) and Y, d,, < oo, it is

n=1
easy to see that

i&,<oo; ibn<oo.
n=1 n=1

It follows from Lemma 2.1 that lim,_,. |x, — p|| exists.

(2) Since {||x, — p||} is bounded, there exists Ry > 0 such that
|Xn = pll <R, Vn>1. (3.6)
We can assume that

im ||, — pl| =7 (3.7)
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where r > 0 is some number. Since {||x, — p||} is a convergent sequence, {x,} is bounded

sequence in K. Let

I = pll = [ (a1 = )+ (1 = ) (T = p ) || (3.8)

o)

By condition (ii), hk(n) <Ry, Y d, <o and (3.6), (3.7), we have that
1

n=

lim sup T}‘"xn — pH

n—oo

— limsup Tll(cr(l;l)xn — AnUA (Tll(ig';)xn> - PH

n—oo

< timsup |13~ 7
n—oo
. k(n) . k(n)
i sup 2o 4 (73 ) =4 (74,7 p) |
. k(n)
tim sup 2o 4 (74|
< lim sup h(,) [[xa — p|| +1im sup At Lhy,) [1xn — p||
n—oo n—oo
. k(n)
lim sup g 4 (74, )|
< limsup (1 +d,) |[x, — p|| +lim sup A, uLR|R;
n—oo n—oo
—}—hmnsgglnu HA (Tl.(n) p)
< r (3.9)

Since E is a uniformly convex Banach space, from (3.7), (3.8), (3.9) and Lemma 2.2 we have

that
Tim [, —T’Lnan — 0. (3.10)
From (3.10), we have that
P —x01]| = H(an )yt + (1= ) T,
< (1—a) ||t — T,

— 0 (asn— o). (3.11)
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By (3.11), we obtain that

lim |[x,1; —x,|| =0, VI=1,2,--- N.
n—soo
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It follows from (3.10) and (3.11) that

Xy — Tl”xn

— 0 (asn— ).

From (3.13) and condition (ii), we obtain

Xn - Tlnxn

IN

Xy — Tl”xn

IN

— 0 (asn— ).

It follows from (3.11) and (3.14) that

IA

IN

120 = T |

= T | | 1 -
X0 =T

+‘ Tk(n—N)

5 =T

+hy ‘ Til(c,(,r:\,]\)])xn—N —xn—NH

0 (asn—o0).

<l = x|+

Xp — Tl”xn + H Tl"xn — T.k(n)xn

#aan 4 (75 0)

T,x,

(3.12)

Xp_1— T;L"xn

(3.13)

i(n)
)

+ Anlt (LR1R2 + HA (Til((rgl)i)p> H)

(3.14)

+h {hnfl ||xn _xn—N”
oy n = o | = 2l

) X +hy (14 hp—1) ||xn — xn—n]|

(3.15)
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Forany /[ =1,2,--- /N, from (3.12) and (3.15), we have
Hxn - Tn+lxn||
< b =Xt L+ s = ToeiXnest | + | i X1 — TaesXn|
< (T+L) [lxn = Xt ||l + 1t — T st
— 0 (asn— o). (3.16)
Consequently, we obtain
r}i_r>130\|xn—7}xn|]:0, Vi=1,2,---,N. (3.17)

(3) The necessity is obvious. Therefore, we will prove the sufficiency. For arbitrary p € §, it

follows from (3.5) that
1% =PIl < (1+64) [|Xn—1 — Pl +bn,  ¥n > no,
where Y7 | 0, <ocand Y, b, < . Thus, we have
d(x,,F) < (1+8)d (x,—1,8) + b, ¥n> ny. (3.18)

It follows from Lemma 2.1 and (3.18) that lim,_,..d (x,, ) exists. By the assumption, we have

lim,, e d (x,5) = 0.

(oo}

Next we prove that the sequence {x,} is a Cauchy sequence in K. In fact, since },,_; 8, < oo,

1+t <e forallt >0, by (3.5), we have
ln = pll < € [lxa—1 = Pl + ba- (3.19)
Thus, for any positive integers m, n, from (3.19) it follows that

Hxn—i-m _pH < 66"+m Hxn—i-m—l _pH +bpim

< e&Hm 85n+m71 ||xn+m72 _pH +bn+m71} +bn+m

<
Zn+m5' Zn+m S nim
< O |, — pl| XYY by
i=n+1
< Qlw—rpl+Q Y, bi

i=n+1
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where Q = eXi-1% < oo, Since lim,_ye0d (xn,8) =0and Y77 | b; < o, for any given € > 0, there

exists a positive integer ng such that d (x,,§) < m, Y1 bi < % for any n > ng. Hence,
€

there exists p; € § such that d (x,, p1) < SIES)] for any n > ng. Consequently, for all m > 1 and

for any n > ng, we have

1Xntm = xall < (X0 = 1l + llxn = pil

N

< Qlo—pil+Q Y, bit|lx—pil
i=n+1

< E&.

This implies that {x,} is a Cauchy sequence in K. Therefore there exists ¢ € K such that {x,}
converges strongly to g. Since lim,_ ||x, — Tjx,|| = O for each [ € {1,2,--- N}, it follows

from Lemma 2.3 that g € §. This completes the proof.

Remark 3.2. Theorem 3.1 extends the results of [2] and [3] from a finite family of nonexpansive

mappings to a finite family of asymptotically nonexpansive mappings.

Theorem 3.3. Let E be a real uniformly convex Banach space, K be a nonempty closed con-
vex subset of E. Let {T;,T>,---, Ty} :K — K be N asymptotically nonexpansive mappings of
K with sequences {hg,i)}, 1<i<Nand§ = ﬂflV:lF (T;) # 0 and one of the mappings in
{T;,T>,---,Ty} is semicompact. A : K — K is an L-Lischitzian mapping. Let {0y} is real
sequences in (0,1) and {A,} C [0, 1) satisfying the following conditions:

(i) there exists constants Ty, Tp € (0,1) such that 71 <(1 —o,) < 172, Vn > I,

(i1) Yooy An < 0

(i) T57-1 (= 1) < oo, where by = max {17, - nV .

Then the hybrid implicit iteration {x,} be defined by (1.4) converges strongly to a common

fixed point of {T;,T>,---,Ty}.

Proof. Suppose that T}, is semicompact for some ip € {1,2,--- ,N}. By Theorem 3.1, {x,} is
bounded, and lim,, . ||x, — Tj,xs|| = 0. Then there exists a subsequence {xnj} of {x,} such
that lim,, j—eXn; = p € K. Theorem 3.1 guarantees that limn‘ﬁm Hxnj — Tixp; H =0foralll €

{1,2,--- ,N}. Therefore, we have ||p—T;p|| =0 for all I € {1,2,---,N}. This implies that
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p € F. Since lim,_ ||x, — p|| exists, therefore lim,_,c ||x, — p|| = 0; that is, {x,} converges

strongly to a fixed point of {7}, T5,---, Ty} is K. This completes the proof.

Remark 3.4. Theorem 3.3 in this work improves Theorem 11 of Jiang et al. [3]. Also, the
condition that {T},T»,--- , Ty} be semicompact is replaced by the weaker assumption that any

one of {1}, T, -+, Ty} be semicompact.

From Theorem 3.1, we can easily show the following strong convergence theorem, whose

proof is omitted.

Theorem 3.5. Let E be a real uniformly convex Banach space and let K be a nonempty closed
convex subset of E. Let {T1,T5,--- , Ty} : K — K be N asymptotically nonexpansive mappings
satisfying condition (C) and A : K — K is an L-Lischitzian mapping. {h,(j) }, 1 <i<N,{oy}
and {A,} are sequences as in Theorem 3.3. If § = (N_|F(T;) # O then the hybrid implicit

iteration {x,} be defined by (1.4) converges strongly to a common fixed point of {T1,T»,--- , Ty }.

Theorem 3.6. Let E be a real uniformly convex Banach space satisfying Opial’s condition, K
be a nonempty closed convex subset of E. Let {T;,T>,--- ,Ty} :K — K be N asymptotically
nonexpansive mappings and A : K — K be an L-Lischitzian mapping. {hg) } 1 <i<N,{o,}
and {A,} are sequences as in Theorem 3.3. If § = NN_|F(T;) # 0 then the hybrid implicit

iteration {x, } be defined by (1.4) converges weakly to a common fixed point of {T1,Ta,--- , Ty}

Proof. Since E is uniformly convex, every bounded subset of E is weakly compact. Also,
since {x,} is a bounded subset in K, there exists a subsequence {x,,} C {x,} such that {x,, }
converges weakly to p € K and limy, e |[x; — Tixn; || = O forall / € {1,2,--- ,N}. By Lemma
2.3, we have that (I —T;) p =0, i.e. p € F(T;). By arbitrariness of [ € {1,2,--- N}, we have
P €=M F(T).

Next, we prove that {x,} converges weakly to p. Suppose {x,, } be another subsequence of

{x,} which converges weakly to some p; € K and p # p;. By the similar method as above we
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have p; € § = OQVZIF (T;), then by Opial’s condition, we have
lim [[x, —p|| = lim Hxnj —pH
n—oo Vlj*)oo

< tim [, pl

}’lj—>°°
= lim |x, — pi
n—oo

= Jim 5, pa

< Jim lh— p

= Jlim [lv, ~p].

This is a contradiction. Hence, p = py, which implies that {x,} converges weakly to p. This

completes the proof.

Remark 3.7. Theorem 3.6 in this work extends Theorem 9 of Jiang et al. [3] to case of a hybrid

implicit iteration for a finite of asymptotically nonexpansive mappings.
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