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Abstract. In this paper we established some fixed point results for multivalued mapping in a complete fuzzy metric

space through rational inequality. Our results unify, extend and generalize several results in the existing literature.

Some applications are also given to support our results.
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1. Introduction and Preliminaries

The notion of fuzzy sets was first present by Zadeh [10]. Later on many authors worked on its
different areas. Kramosil and et al. [6] with the help of defintion of fuzzy sets introduced a new
concept of fuzzy metric space and prove some fixed point results. Grabiec [3] proved the fixed
point theorem of banach and eldestien to fuzzy metric space in the sence of Kramosil and et al.
In 1994, George et al. [2] modified the definiton of Kramosil et al. and proved many fixed point
results. Later on Lopez et al. [8] used this concept in the sence of compact sets and present

the definition of Hausdorff fuzzy metric and prove many well known results. In this paper we
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also used the notion of Hausdorff fuzzy metric with the help of multivalued mapping and prove
some results presented by Vishal et al. [5].

Definition 1.1 [2]: A binary operation * : [0, 1] x [0, 1] — [0, 1] is said to be a continuous t-norm
if it is satisfies the following conditions:

1) * 1s associative and commutative;

11) * iS continuous;

iiiyaxl =aforallac [0,1];

iv) axb < cxd whenever a < c and b < d for each a,b,c,d € [0, 1].

Definition 1.2 [6]: Let X be any non empty set, * be a continuous t-norm, and F is a fuzzy set
on X2 x [0,00). Consider the following conditions holds for all x,y,z € X and ¢,s > 0:

F1) F(x,y,0) = 0;

F2) F(x,y,t) = 1iff x=y;

F3) F(x,y,t) = F(y,x,1);

F4) F(x,y,t +5) > F(x,z,t) * F(2,y,5);

F5) F(x,y,.) : (0,00) — [0, 1] is left-continuous;

Then, F is called a fuzzy metric on X and F'(x,y,t) denotes the degree of nearness between x
and y with to respect ¢.

Example 1.3 [2]: Let (X,d) be a metric space. Define a*xb = ab (or a*b = min{a,b}) for all

a,b € [0, 1]. Then, one can define a fuzzy metric by

F(x,y,t) = for all x,y € X and ¢t > 0.

t+d(xy)
called (X, F,«) is a fuzzy metric space induced by d(x,y).

Definition 1.4 [5]: Let (X, F, x) be a fuzzy metric space. Then, we have
i) A sequence {x, } in X is said to be convergent to a point x € X denoted x,, — x, if nl gnzo F(xp,x,1) =
1 for each ¢t > 0.

ii) A sequence {x,} in X is said to be a Cauchy sequence, if nlz_>n;Lo F (Xn,%n4-p,t) = 1 for each
t>0,p>0.

iii) A fuzzy metric space (X,F,*) in which every Cauchy sequence is convergent is called a
complete fuzzy metric space.

Definition 1.5 [1]: Let B be any non empty subset of a fuzzy metric space (X, F,x*) for a € X
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and ¢ > O then,
F(a,B,t) =sup{F(a,b,t): b € B}.
Definition 1.6 [8]: Let (X, F,*) be a fuzzy metric space. Define a function Hr on Cy(X) x
Co(X) x (0,0) by
Hp(A,B,t) = min {KitrelgF(a,B,t),grel]ng(A,b,t)} ,
for all A,B € Cy(X) and ¢ > 0, where Cy(X) is the collection of all nonempty compact subsets
of X.

Lemma 1.7 [8]: Let (X, F, %) be a complete fuzzy metric space. Then, for eacha € X, B € Cy(X)

and for ¢t > 0 there exists b, € B such that

F(a,b,,t) = F(a,B,t).

Lemma 1.8 [9]: Let (X,F,*) be a complete fuzzy metric space, such that (Co(X),Hp,*) is a
hausdorff fuzzy metric space on Co(X). Then, for all A, B € Co(X), for each a € A and for ¢ > 0

there exists b, € B, satisfies F(a,B,t) = F(a,b,,t), then
Hp(A,B,t) < F(a,by,t).

Proof: If

Hr(A,B,t) = ilelgF(a,B,t),

then,

Hr(A,B,t) <F(a,B,t). foreacha€ A
Hence, for each a € A there exist b, € B satisfies
F(a,B,t) = F(a,by,t),

then

Hrp(A,B,t) < F(a,bg,t).
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Now, if

HF(AaBat) = ;IelgF(A7b7t)

IN

infF(a,B,t) < F(a,B,t) = F(a,bg,t)
acA
Hp(A,B.t) < F(a,ba,t).

for some b, € B. Hence, in both cases, we proved the result.

Lemma 1.9 [5]: If there exist k € (0,1), such that
M(x,y,kt) = M(x,y,t)

for all x,y,€ X and ¢ € (0,00), then x = y.

2. Main Results

Now, we present our main results.
Theorem 2.1: Let (X, M, *) be a fuzzy metric space and S : X — Cy(X) be a multivalued

mapping satisfying the following conditions:

(2.1) a)tlingoF(x,y,t) =1,
(2.2) b) Hp(Sx,Sy,kt) > w(x,y,t).
where

F(y,Sy,1)[1+ F (x,Sx,1)]
[1+F(x,y,1)]
for all x,y € X and k € (0,1). Then, S has a fixed point.

plrr) = min { Pl b,

Proof: Let x, be an arbitrary point in X. We construct a sequence {x, } of points in X as follows:

Let x; € X such that x| € Fx,. By using lemma 1.8, we can choose x, € Fx; such that
F(x1,x2,t) > Hp(Sxy,8x1,t). forallt >0
By induction we have x,,11 € Sx,, for all n € N satisfying

F(xy,X%041,t) > Hp (Sx,—1,8xp,t). forallt >0
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Now,
F(XZ,X3,Z) > HF(thS-x27t)
t
> /J(Xl,xz,%)- by (22) (23)
where,
t . [ F(x2,8x2, £)[1+ F(x1,8x1,7)] t }
X1,X2, 7 - n 7F X1,X2, 7 ’
b, ) { B ) (x1.2,5)
F(x0,x3, 5)[1 4+ F(x1,x0, % t
= mln{ ( 273 k)[ ([l 2 k]yF(x17x27_)}7
[1+F(X1,XQ,E)] k
t t
= min{F(xz,xg,%),F(xl,xz,%)}.
If,
Fx, ) > Flo,xs, 7)
x17x27k = x27x37k .
Then, by (2.3), we have
t
F(-x27-x37t) ZF(XZ,)@,%)-
So, by the Lemma 1.9 nothing left to prove. Now, if we have
Floxs,7) > Flrn,xn,7)
- X1,X2,=).
x27x37k = 15 27k
Then, again by Lemma 1.8, we have
t t
F(-x27x37t) 2 F(xlax%%) ZHF(SXLHSXM%)
t
2 ,Ll(xo,)(fl,p). (24)
where,
t . F(xhsxlak[_z)[l‘f‘F(xmsxmkt_z)] t
—) = F _
/.L(xo,xl,kz) mln{ 1+ F (ot )] ) (xo,xpkz) )
F(x1,%2, 12)[1 +F (X0, X1, 13)] t
= min ,F.X » X1y 75 9
{ [1+F(x0,x1,5)] (orx1: 72)
. t t
= mm{F(xl,xz,ﬁ),F(xo,xl,ﬁ)}.
If,
t > t
F(-xm-xl;k_z) _F(-xlavaﬁ)'
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Then, again by lemma 1.9, nothing left to prove. If

t t
F(x17x27k_2) ZF(XO;XDP%

then, by (2.4) we have

t
F(XZ,X3,Z') > F(x(hxlvﬁ)'
Consequently,

t
(2.5) F(xp,Xpt1,t) > F(xo,xl,ﬁ)
Now, for m > n, that is m = n+ p we have

t t
F<xn7xn+pat) 2F<Xn7xn+la;)*"'(p)"'*F(xn+p717xn+pa;)-

By using (2.5), we get

t t
F(xnaxn+p7t) ZF(XO,XI,W)*"'([’)"'*F(XO,XI,_

Now, taking Lim and using (2.1) we have
n—oo

grzF(xn,anrp,t) =1.

Hence, {x,} is a Cauchy sequence in X. So, by the completeness there exists z € X, such that

x, — z. Now,we claim that z is a fixed point for S. Consider,

F(z,8z,t) > F(z,xp41,(1 —k)t)*F (xpy1,8z,kt),

> F(z,an, (1 —k)t) *HF(an,SZ,k[),

> F(z,xpg1, (1 —=k)t)* w(xp,,z,1). (2.6)
where,
[ F(z,Sz,t)[1 4 F (x4, 8%p,1)] }
o) = min{ SR o ]
[ F(z,Sz,t)[1 4 F (X, Xn11,1)] }
= mm{ T+ FComz.0)] JF(xn,2,1) ¢ .

Taking Lim in above inequality, we get
n—yoo

1(z,z,1) = min{F(z,5z,1),1}.
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If

F(z,8z,t) > 1,

then, we get z is the fixed point for S. If
F(z,87,t) <1,

then, by (2.6)

F(z,82,t) > F(2,Xp41, (1 —k)t) % F(z,82,1).

Now, taking Lim we get
n—oo

z€ 8z

Let us define ® = {¢@/¢ : [0,1] — [0, 1]} is a continuous function such that (1) =1, ¢(0) =0,
¢@(a) >aforeach0<a< 1.

Theorem 2.2: Let (X,M, %) be a fuzzy metric space and S : X — Co(X) be a multivalued
mapping satisfying the following conditions :

a)limF (x,y,t) =1,

f—yo0

b) Hr (Sx,Sy,kt) > o{p(x,y,1)}.

where

F(y,Sy,t)[1+ F(x,Sx,1)]
[1+F(x,3,1)]

u(x,y,t):min{ ,F(x,y,t)},

forall x,y € X, k € (0,1) and ¢ € ®. Then, S has a fixed point.

Proof: Since ¢ € ®. This implies that ¢ (a) > a for each 0 < a < 1. Thus from above condition

Hp(Sx,Sy,kt) > @{u(x,y,1)} > u(x,y,t)

Now, applying Theorem 2.1, we obtain the desired result.
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3. Application
Let us define the following function
t
8 [0,00) — [0,00) as G(t):/ A(0)dt V>0
0

be a nondecreasing and continuous function. Morever, for each § > 0, A(0) > 0. Also A(t) =0
iffr =0.
Theorem 3.1: Let (X, M, *) be a fuzzy metric space and S : X — Cy(X) be a multivalued map-

ping satisfying the following conditions :

a)limF (x,y,t) = 1,

Hp (Sx7Sy7kt) [.L(x,y,t)
b) /0 A(r)dr > /O L),

where,

F(y,Sy,t)[1+ F(x,Sx,t)]
[1+F(x,y,1)]
forall x,y e X, A € 0 and k € (0,1). Then S has a fixed point.

u(x,y,t):min{ ,F(X,)’J)}»

Proof: Let us take A (¢)dt = 1, and applying Theorem 2.1 we get the desired result.
Theorem 3.2: Let (X, M, x) be a fuzzy metric space and S : X — Cy(X) be a multivalued map-

ping satisfying the following conditions :

a)limF (x,y,t) =1,

t—ro0

Hp (Sx7Sy7kt) ”(X’yJ)
b)/ A0 > ¢ {/ /l(t)dt}.
0 0

where,
F(y,Sy,1)[1 4 F (x,8x,1)]
[1+F(x,y,1)]

,Lt(x,y,t)zmin{ ,F(x,y,t)},
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forallx,yc X,A €0, pc dandk € (0,1). Then S has a fixed point.

Proof: Since ¢ € ®. This implies that ¢(a) > a for each 0 < a < 1, taking A(¢)dt = 1, and
applying Theorem 2.2 we get the desired result.

Conflict of Interests

The authors declare that they have no competing interests.

Authors Contribution

All authors contributed equally and significantly in writing this paper. All authors read and

approved the final manuscript.

REFERENCES

[1] M. Arshad and A. Shoaib, Fixed points of multivalued mappings in fuzzy metric spaces, Proceedings of the
world congress on engineering, July 4-6, (2012).

[2] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems 64 (1994),
395-399.

[3] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy sets and systems, 27 (1988), 385-389.

[4] V.Gregory and A.Sapena, On fixed point theorems in fuzzy metric spaces, Fuzzy Sets and Systems 125
(2002), 245-253.

[5] V. Gupta, N. Mani and A. Saini, Fixed Point Theorems and its Applications in Fuzzy Metric Spaces, Confer-
ence Paper - April 2013.

[6] I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces. Kybernetika 11 (1975), 336-344.

[7] J.Maria Joseph and E. Ramganesh, Fixed Point Theorem on Multi-Valued Mappings. International Journal of
Analysis and Applications 1 (2) (2013), 123-127.

[8] J. Rodriguez-Lopez, S. Romaguera The Hausdorff fuzzy metric on compact sets. Fuzzy Sets and Systems
147 (2004), 273-283.

[9] A. Shoaib, Ph.D thesis, Fixed points theorems for locally and globally contractive mappings in ordered spaces
(2015).

[10] L. A. Zadeh, Fuzzy Sets. Information and Control, 8 (3) (1965), 338-353.



