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Abstract. In the standard compression results one assumes that 0 ∈ Φ then uses H(t,x) = t T x in a homotopy

invariance argument. Thus if 0 6∈ Φ we need an alternative approach to the justifications of the compression

results. In particular, an alternative method is needed to take advantage of the range of the operator T to narrow the

search for a set that contains a fixed point for T . This paper contains an alternative homotopy invariance argument

that does not rely on 0 being in either of the underlying sets in a compression-expansion type fixed point theorem.
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1. Introduction

Expansion and Compression arguments are critical in any discussion of Fixed Point Theory.

There are many different variations of compression arguments and below we state a version that

appears in the classical treatment by Guo and Lakshmikantham [5].

Lemma 1.1.[5, p 88] Let 0 ∈Φ and T : P∩Φ→ P be condensing. Suppose that

T x 6= µx for all x ∈ P∩∂Φ, µ ≥ 1
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then i(T,P∩Φ,P) = 1.

The key step in proving the standard compression results is to let H(t,x) = t T x then apply the

homotopy invariance and solution properties of the fixed point index to arrive at i(T,P∩Φ,P) =

i(0,P∩Φ,P) = 1 since 0 ∈ P∩Φ. To take advantage of the recent results of Avery, Anderson

and Henderson [2] and Webb [8], we can’t assume that 0 is an element of A∩Φ where A is an

open subset of the cone with properties that usually involve invariance, convexity and the range

of T . We will replace the condition that 0 ∈Φ with conditions on the boundaries relative to two

elements of the underlying set which enable the entire compression-expansion argument. The

key steps in the compression-expansion fixed point theorem come in our homotopy invariance

arguments where we show that H1(t,x) 6= x and H2(t,x) 6= x since if either inequality did hold

then an element of the cone would be equal to an element that is not in the cone which is a

contradiction (if z ∈ P and w 6∈ P then we have that z 6= w).

2. Preliminaries

For completeness we provide the following definitions and theorems which are nearly identical

to the presentation in other compression-expansion fixed point papers, in particular [2].

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P⊂ E is called a

cone if for all x ∈ P and λ ≥ 0, λx ∈ P and if x,−x ∈ P then x = 0.

Every cone P⊂ E induces an ordering in E given by x≤ y if and only if y− x ∈ P.

Definition 2.2. An operator is called completely continuous if it is continuous and maps

bounded sets into precompact sets.

Definition 2.3. Let A be an open subset of a cone P, Ω and Φ be bounded open subsets relative

to P, then

A(Φ) = A∩Φ

and if A(Ω)⊆ A(Φ) then

A(Φ,Ω) = A(Φ)−A(Ω).

Definition 2.4. Let D be a subset of a real Banach space E. If r : E → D is continuous with

r(x) = x for all x ∈ D, then D is a retract of E, and the map r is a retraction.
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Dugundji’s Theorem, which is stated below, is applied to the cone in our main result so the fixed

point index can be applied; a proof can be found in [4, p 44]. The convex hull of a subset D of

a real Banach space X is given by

conv(D) =

{
n

∑
i=1

λixi : xi ∈ D, λi ∈ [0,1],
n

∑
i=1

λi = 1, and n ∈ N

}
.

Theorem 2.1. For Banach spaces X and Y , let D⊂X be closed and let F : D→Y be continuous.

Then F has a continuous extension F̃ : X → Y such that F̃(X)⊂ conv(F(D)).

Corollary 2.1. Every closed convex set of a Banach space is a retract of the Banach space.

The proof of our fixed point theorem relies on properties of the fixed point index, which are

stated below; a proof can be found in [4, p 238].

Theorem 2.2. Let X be a retract of a real Banach space E. Then, for every bounded rela-

tively open subset U of X and every completely continuous operator A : U → X which has no

fixed points on ∂U (relative to X), there exists an integer i(A,U,X) satisfying the following

conditions:

(G1) Normality: i(A,U,X) = 1 if Ax≡ y0 ∈U for any x ∈U ;

(G2) Additivity: i(A,U,X) = i(A,U1,X)+ i(A,U2,X) whenever U1 and U2 are disjoint open

subsets of U such that A has no fixed points on U− (U1∪U2);

(G3) Homotopy Invariance: i(H(t, ·),U,X) is independent of t ∈ [0,1] whenever

H : [0,1]×U→X is completely continuous and H(t,x) 6= x for any (t,x) ∈ [0,1] × ∂ U ;

(G4) Solution: If i(A,U,X) 6= 0, then A has at least one fixed point in U .

Moreover, i(A,U,X) is uniquely defined.

3. Main results

The most general compression-expansion theorems involve conditions of the form

T x≤ x for x ∈ ∂Φ and T x≥ x for x ∈ ∂Ω.

For example, see the fixed point theorem of cone expansion and compression [5, p 93] or sim-

ilar expansion and compression theorems of norm or functional type [1, 2, 3, 6, 7]. We envi-

sion more applications of utilizing the range of the operator T to define a set A to come from
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compression-expansion theorems that involve conditions of the form

T x≤ x1 for x ∈ ∂Φ and T x≥ x2 for x ∈ ∂Ω

for some x1,x2 ∈ A(Φ,Ω). Below we have Compression-Expansion Theorems that involve

conditions of each type and the proofs are nearly identical, just a slight modification in showing

that H1(t,x) 6= x and H2(t,x) 6= x which constitute the alternative homotopy invariance argument

in compression-expansion theorems.

Theorem 3.1. Suppose P is a cone in a real Banach space E, A is a relatively open subset of

P, Ω and Φ are bounded open subsets relative to P with A(Ω) ⊆ A(Φ), and T : P→ P is a

completely continuous operator. If there exists x1,x2 ∈ A(Φ,Ω) such that

(J1) if x ∈ ∂A∩Ω and τ ∈ [0,1], then (1− τ)T x+ τx2 6= x;

(J2) if x ∈ ∂A∩Φ and τ ∈ [0,1], then (1− τ)T x+ τx1 6= x;

(J3) if x ∈ A∩∂Ω then T x≥ x2 and x 6≥ x2 ; and,

(J4) if x ∈ A∩∂Φ then T x≤ x1 and x 6≤ x1;

then T has a fixed point x∗ ∈ A(Φ,Ω).

Proof. By Corollary 2.1, P is a retract of the Banach space E since it is convex and closed.

We have that ∂A(Φ)⊆ (∂A∩Φ)∪ (A∩∂Φ) since

∂A(Φ) = ∂ (A∩Φ)

= (A∩Φ)∩ (P− (A∩Φ))

= (A∩Φ)∩ (P−A)∪ (P−Φ)

= (A∩Φ)∩ ((P−A)∪ (P−Φ))

⊆ (A∩Φ)∩ ((P−A)∪ (P−Φ))

= (A∩Φ∩ (P−A))∪ (A∩Φ∩ (P−Φ))

= (∂A∩Φ)∪ (A∩∂Φ)

and similarly ∂A(Ω)⊆ (∂A∩Ω)∪ (A∩∂Ω).

Claim 1: i(T,A(Φ),P) = i(x1,A(Φ),P) = 1.
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Let H1 : [0,1]×A(Φ)→ P be defined by

H1(τ,x) = (1− τ)T x+ τx1.

Clearly, H1 is continuous and H1

(
[0,1]×A(Φ)

)
is precompact. We want to show that

H1(τ,x) 6= x for all (τ,x) ∈ [0,1]×∂A(Φ), so suppose to the contrary that there exists (t1,y1) ∈

[0,1]×∂A(Φ) such that

H1(t1,y1) = y1.

Since y1 ∈ ∂A(Φ), we have that

y1 ∈ A∩∂Φ

because H1(τ,x) = (1− τ)T x+ τx1 6= x for all (τ,x) ∈ [0,1]×∂A∩Φ by condition (J2).

From H1(t1,y1) = y1 we have that

y1 = H1(t1,y1) = (1− τ)Ty1 + τx1 = (1− τ)(Ty1− x1)+ x1

which we can write as

(1− τ)(x1−Ty1) = x1− y1

which is a contradiction since by (J4) we have that (1− τ)(x1−Ty1) 6= x1− y1 because x1−

y1 6∈ P and x1− Ty1 ∈ P so (1− τ)(x1− Ty1) ∈ P. Therefore, H1(τ,x) 6= x for all (τ,x) ∈

[0,1]×∂A(Φ). Also note that T x 6= x for all x ∈ ∂A(Φ) by (J4) since if T x = x we would have

T x = x ≤ x1 and x 6≤ x1 which is a contradiction. Hence by the homotopy invariance and the

normality properties of the fixed point index we have

i(T,A(Φ),P) = i(x1,A(Φ),P) = 1.

Claim 2: i(T,A(Ω),P) = i(x2,A(Ω),P) = 0.

Let H2 : [0,1]×A(Ω)→ P be defined by

H2(τ,x) = (1− τ)T x+ τx2.

Clearly, H2 is continuous and H2

(
[0,1]×A(Ω)

)
is precompact. We want to show that

H2(τ,x) 6= x for all (τ,x) ∈ [0,1]×∂A(Ω), so suppose to the contrary that there exists (t2,y2) ∈
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[0,1]×∂A(Ω) such that

H2(t2,y2) = y2.

Since y2 ∈ ∂A(Ω), we have that

y2 ∈ A∩∂Ω

because H2(τ,x) = (1− τ)T x+ τx2 6= x for all (τ,x) ∈ [0,1]×∂A∩Ω by condition (J1).

From H2(t2,y2) = y2 we have that

y2 = H2(t2,y2) = (1− τ)Ty2 + τx2 = (1− τ)(Ty2− x2)+ x2

which we can rewrite as

y2− x2 = (1− τ)(Ty2− x2)

which is a contradiction since by (J3) we have that y2− x2 6= (1− τ)(Ty2− x2) because y2−

x2 6∈ P and Ty2− x2 ∈ P so (1− τ)(Ty2− x2) ∈ P. Therefore, H2(τ,x) 6= x for all (τ,x) ∈

[0,1]×∂A(Ω). Also note that T x 6= x for all x ∈ ∂A(Ω) by (J3) since if T x = x we would have

T x = x ≥ x2 and x 6≥ x2 which is a contradiction. Hence by the homotopy invariance and the

solution properties of the fixed point index we have

i(T,A(Ω),P) = i(x2,A(Ω),P) = 0.

Therefore, by the additivity property of the fixed point index we have that

i(T,A(Φ,Ω),P) = i(T,A(Φ),P)− i(T,A(Ω),P) = 1

consequently by the solution property of the fixed point index, T has a fixed point x∗ ∈ A(Φ,Ω).

Instead of comparing the operator T to a fixed element of the cone on each boundary, if one

can compare to the input then the result is the more traditional compression-expansion fixed

point theorem which we state below.

Theorem 3.2. Suppose P is a cone in a real Banach space E, A is a relatively open subset of

P, Ω and Φ are bounded open subsets relative to P with A(Ω) ⊆ A(Φ), and T : P→ P is a

completely continuous operator. If there exists x1,x2 ∈ A(Φ,Ω) such that

(K1) if x ∈ ∂A∩Ω and τ ∈ [0,1], then (1− τ)T x+ τx1 6= x;

(K2) if x ∈ ∂A∩Φ and τ ∈ [0,1], then (1− τ)T x+ τx2 6= x;
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(K3) if x ∈ A∩∂Ω then T x≥ x and x 6≥ x2 ; and,

(K4) if x ∈ A∩∂Φ then T x≤ x and x 6≤ x1;

then T has a fixed point x∗ ∈ A(Φ,Ω).

The proof is nearly identical to the proof of Theorem 3.1 with the only difference coming in

the homotopy invariance arguments. We show that H1(τ,x) 6= x for all (τ,x) ∈ [0,1]× ∂A(Φ)

and that H2(τ,x) 6= x for all (τ,x) ∈ [0,1]× ∂A(Ω) for Theorem 3.2 by writing the resulting

equations in a different manner than in Theorem 3.1. That is, in the proof of Claim 1 in Theorem

3.2 we have that

y1 = H1(t1,y1) = (1− τ)Ty1 + τx1 = (1− τ)(Ty1− y1)+(1− τ)y1 + τx1

can be rewritten as

τ(x1− y1) = (1− τ)(y1−Ty1)

which is a contradiction since by (K4) we have that y1−Ty1 ∈ P and x1− y1 6∈ P and similarly

for the proof of claim 2.
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