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Abstract. In a recent paper [15], Saddeek introduced the so-called class of generalized strictly pseudo-contractive
mappings and established some strong convergence theorems for the generalized modified Krasnoselskii iterative
processes developed by Saddeek [15] for finding the minimum norm solutions of certain nonlinear equations when

p > 2 in the framework of uniformly convex Banach spaces. This paper develops the work presented in [15] by

considering separately the case in which 1 < p < 2.
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1. Introduction

The class of generalized strictly pseudo-contractive mappings which has been recently de-
vised by [15] is very general class in the sense that it includes, as special cases, generalized Lip-
schizian mappings, A-strictly pseudo-contractive mappings, A-Lipschitzian mappings, pseudo-
contractive mappings and nonexpansive mappings. Such mappings arise in the area of nonlinear
functional analysis and its applications, especially those pertinent to fixed point theory and its
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applications to nonlinear pseudomonotone equations and variational inequalities.

Construction of new iterative methods for finding the minimum norm solutions of nonlinear
equations involving p-generalized strictly pseudo-contractive mappings and generalized dual-
ity mappings in the framework of uniformly convex Banach spaces plays a very significant role
in the analysis of many nonlinear fluid dynamics phenomena.

The Krasnoselskii iterative process (see, for example, [9]) is a representative of one of the oldest
iterative methods for the solution of nonlinear equations.

In 2008, Saddeek et al. [17, Theorem 2] showed that the Krasnoselskii iterative sequence con-
verges weakly to the solution of nonlinear equation of generalized Lipschitzian mappings in
Hilbert spaces. In the same vein, they have presented an application to the stationary problem
of filtration.

In an attempt to obtain strong convergence, in 2014, Saddeek [16] proposed the so-called mod-
ified Krasnoselskii iterative by boundary point method in the sense of He et al. [6] for finding
the minimum norm solutions of certain nonlinear equations with generalized Lipschitzian map-
pings in Hilbert spaces and proved its strong convergence under some assumptions.

Recently, Saddeek [15] extended the results of Saddeek [16] to the so-called generalized mod-
ified Krasnoselskii iterative process with the so-called generalized strictly pseudo-contractive
and generalized duality mappings and obtained some strong convergence theorems to the min-
imum norm solutions of certain nonlinear equations when p > 2 in the setting of uniformly
convex Banach spaces.

The aim of this paper is to develop the study, started in [15] by considering separately the case

in which 1 < p < 2.

2. Preliminaries

Let X be a real Banach space with norm ||.||x, let X* be the dual space of X with norm ||.||x+
and (.,.) be the duality pairing between X* and X. We denote by — and — the strong and weak
convergence, respectively. Denote by N the set of all natural numbers.

A Banach space X is said to be uniformly convex if, for any € € (0, 2], there exists an increasing

positive function &(€) with 6(0) = 0 such that, for any x,y € X with ||x||x <1, ||y|lx <1 and
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lx=yllx = &, [lx+yllx <2(1—3(e)) holds.
It is known (see, for example, [20]) that every uniformly convex space is reflexive and each real
Hilbert space is uniformly convex. Moreover, the sobolev space IX/S) (1 < p < o) is uniformly
convex.

Let U = {x € X : ||x||[x = 1}. Then the norm of X is said to be Gateaux differentiable (see, for

example, [14]) if

t —
L Loyl il

t—0t t

exists for any x,y € U. The norm of X is said to be uniformly Gateaux differentiable if, for any
y € U, the above limit exists uniformly for all x € U.
o (1)

Every Hilbert space and W, (1 < p < o) space has a uniformly Géteaux differentiable norm.

The mapping J, : X — 2X° p > 1 defined by
Jpx={x" € X" (' x) = [xlIg, [l = I, v e X3,

is called the generalized duality mapping.

For p = 2, the mapping J> from X to 2X is called the normalized duality mapping.

It is well known (see, for example, [18, Theorem 1.1.17] and [14]) that if X is uniformly convex
and has a uniformly Gateaux differentiable norm, then the generalized duality mapping is single
valued (we denote it by j,), bijective (the inverse of j, will be denoted by j;l), andif Cis a
nonempty closed and convex subset of X, then there exists a unique x € C such that ||x||x =

inf ¢ ||z]|x, i.e., the metric projection of the origin onto C. Moreover,
(1) (jpx,z—x) >0,Vz € C.

If X = H is a Hilbert space and p = 2, then the generalized duality mapping becomes the identity
mapping of H.

The set of solutions of the variational inequality (1) is denoted by VI(C, j,), and the element
x € VI(C, jp,), is called the minimum norm solution of (1).

It is well known (see, for example [8] and [11]) that the set VI(C, j,) is a nonempty closed and

convex subset of X.
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In [5], Glowinski et al. proved the following properties for the mapping j, when 1 < p < 2:

) Jo >0, Vox,y € X alle—ylI% < (Ixllx + Iyllx)* 7 (px — jpyx =),

. . —1
3) M >0, Vx,y €X || jpx— jpyllxs <Mx—y|%

The following lemma can be founded in [1] and [7].
Lemma 2.1. Let X be a real uniformly convex Banach space and has a uniformly Gdteaux

differentiable norm with X* as its dual. Then,

) " 3% < (e +207 7, ' =), Yy € X xt y e X

Let us recall the following definition.
Definition 2.1.(see, [4], [11], [13]) For all x,y € X, the mapping 7 : X — X* is said to be as
follows:

(i) pseudomonotone, if it is bounded and for every sequence {x, } C X such that

Xy — x € X and limsup (Tx,,x, —x) <0
n—roo

we have

®) liminf (Tx,,x, —y) > (Tx,x—y);

n—yoo
(ii) coercive, if
T5%) = pllcl) [l tim p(E) = +oo:
E—oo

(iii) demiclosed at 0, if whenever {x,} is a sequence in X with x, — x and Tx, — 0, then
Tx=0;

(iv) potential, if

[Tt y) )~ (T, 0) de = [ (T Gti9)0)
0 0
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Finally, we state the following elementary result on convergence of real sequences.
Lemma 2.2. (see, for example [12]) Assume that {a,} is a sequence of nonnegative real num-

bers such that
an1 < (1 =Y)an+by+cn, VneN,

where {1} is a sequence in (0,1), {b,} and {c,} are two sequences in R" such that

(@) YooV =o0; (b) lim SUP;, o0 7 by 1 < 0; (¢) Yo Cn < oo. Then limy e an = 0.

3. Generalized iterative for a class of generalized p-strictly pseudo-contractive

mappings

Let p € (1,2) and let T : X — X* be a nonlinear mapping. We say that 7 is p-generalized
strictly pseudo-contractive, if for any x,y € X there exist real valued functions r;(x,y) > 0,i =

1,2 satisfying suvayex{Ziz:l ri(x,y)} = A’ < e such that

(6) 1Tx=Tylxe < rlep)lipx = jpylix +r2 (e ) Gp = T)x = Gp = T)yllx--

If p > 2, then the class of mappings T satisfying (6) with the generalized duality mapping j, is
known as the generalized strictly pseudo-contractive class in the light of Saddeek [15].

We note that for p =2, ri(x,y) =1, and ry(x,y) = 4 € [0,1) (resp., ri(x,y) = 1,i = 1,2),
the class of p-generalized strictly pseudo-contractive mappings coincides with the class of A-
strictly pseudo-contractive (resp., strictly pseudo-contractive) mappings, which was introduced
in 1967 by Browder et al. [3] in Hilbert spaces. In addition, if p =2 and ry(x,y) = 0 (resp.,
ri(x,y) = L27L > 0,r,(x,y) = 0), then we obtain from (6) the class of generalized Lipschitzian
(resp., Lipschitzian) mappings, which was studied by Saddeek et al. [17]; if p =2 and r|(x,y) =
1, r2(x,y) =0 (resp., r1 (x,y) = A € (0,1),r2(x,y) = 0), then we obtain the class of nonexpansive
(resp., A-contractive) mappings.

For a closed convex subset C of X and T : C — X*, the sequence {x,} C C, defined by xo € C

and

(7N JpXni1 = (1 -7 h(xn)) JpXn+7T Trjpxny n>0,
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where 7 € (0,1), TTj” =(1—1) j,+71T, j,isthe generalized duality mapping, and & : C — [0, 1]

is a function defined as follows (see [6]):
(8) h(x) =inf{a € [0,1] : ax € C}, Vx € C,

is called the generalized modified Krasnoselskii iterative process, in the sense of Saddeek [15].
IfX=H,p=2, h(x,) =1, and Trj " is replaced by T, then (7) reduces to the so-called Kras-

noselskii iterative process (see, [9]).
4. Main results

Now we are in position to state our main result:

Theorem 4.1. Let C be a closed convex subset of a uniformly convex Banach space X whose
norm is uniformly Gdteaux differentiable, let X* be its dual, and let j, : X — X*, 1 <p <2
be the generalized duality mapping. Let T be a nonlinear mapping from C to X* satisfying the
condition (3). For x € C and © € (0, 1), let Sj(,) : C — X* be defined by

) Spyx = (h(x) +T—1)jpx —1Tx,

where h(x) is given by (8).

Suppose that the constant appearing in (3) satisfies

. _ 2—
(10) M = inf [|lx[lx + Iyllx]" > {lx—yllx 7
x,yeC

).

Suppose that Sy is bounded, coercive, potential, demiclosed at 0, and p-generalized strictly

pseudo-contractive with

(11) sup [r1(x,y) + (2= h(x))"ra(x,y)] = (A1)F < oo,

then, for arbitrary xo € C, 0 < T = min{1, %} the generalized modified Krasnoselskii iterative

sequence {x,} C C defined by

(12) JpXn+1 = JpXn — T Sp(x,)Xn, n > 0,
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with {h(x,)} satisfying Y ~~_oh(x,) = oo, converges strongly to x € VI s-Lo, Jjp), where X =
n=0 h(x) P
pro jS;&)O(O), and S,;(;)o = 3(h(Z)jp, T{") = {x € C: h(X) j,% = T{"x}.

Proof. Analogously to [15], we define F : C — (—o0, 0| by
1
(13) Flx) = / (Spiw) (£),%) dt, Vx € C.
0
We first show that {x,} is bounded. It suffices to show that
(14) {xn} C So, [lxallx <Ro, n 20,

where So = {x € C: F(x) < F(xo)}, and Rp = sup,s, |Ix/|x-
Using the definition of Sy, it follows directly that xy € So. For n € N, assume that x,, € Sp.

We now verify that x| € Sp. In fact, by the definition of Sj,,), (3), (6), and (11), we have

1Sh(e) Gt 1 + 26 = Xng1)) —=Shi) ) %= < rillip(nst 41060 — Xns1)) — JipXall 5+
121G = Shta) 1 410 = 3011)) = (p = Shs) ) [§-
< rilljp(Xngt 2 (0 — xn41)) — Jip (%) |15+
1(2 = 7= ) L 1+ 1050 1)) = () e
T (ot + (00— 1)) = T ) -]
< (=P DMl 4+ (2= b)) ra] s =l
< MP[r1 4+ (2= () "ra) s = [

< MPA'P ¢ || — 3 |[[57 Y, for eacht € [0, 1].
This implies that
(15) 106,y (s (o — X41)) = Sy (n) xe < MA [y — 01 15"
Therefore, we have

(16) |(Sh) o1 (0 = Xn11)) = Spe) (Xn) s X0 = Xug 1) | < MA |30 = X011 [ -
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Since Sh(x) is potential, it follows from (13) (see [15]) that

F(xn) = F(xns1) 2 —/01 | (Shion) K1 +1(Xn = Xn41)) = Sh(x,)Xns Xn — Xni1)| dt
(17) + (Sh(x,)Xn>Xn = Xnt1)-
Now from (2), (12), (16), and (17), we have

F(xp) = F(xXpy1) > —MA||xp —x011]1% + %prn — JpXnt15Xn — Xnt1)
(18) > =M |0 = x|l + %[Hanx P 1072 e — a1 [
(18) together with (10) give the following inequality
19)  Fl) = Flxns1) 2 wlllxallx + e 1x)7 72 b — st I3, 1= % —A'>0.

This implies that F(x,11) < F(x,) < F(xp), and so we obtain x,11 € So. Thus, {x,} is bounded
and so are {8, )Xn}, {JipXn} {Tfj"xn}, and {Fx,}.

Moreover, we obtain from (19) that the sequence {Fx;,) is nonincreasing, and thus, we have
{Fx,} converges.

This implies from (19) that
(20) lim ||xn—xn+1||x :0,
n—roo

since p < 2.

Hence, from (3) and (12), we obtain

1) lim [[jp% = jpras [lx =,
and
(22) nlglgo ||Sh(xn)xn||X* =0.

Since the sequence {x, } is bounded, there exists a subsequence {x,, } C {x,} such that limy_,c ||X,, —
X||x exists.

From the demiclosedness of Sj,,), it follows from (22) that X € S h(}z)O.

By similar argument as in [15], (20), (21), (22), and (1), we conclude immediately that

(23) limsup <Sh(x,,)(xn),xn+1 —X) <0, Vxe S;?(;)()»

n—oo
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(24) limsup (— j,%,x,41 — %) <0,
n—o0

and

(25) X € S5 0NVI(S,50.jp),

where  is the metric projection of the origin onto S . 0.
h(%)

Now using Lemma 2.1, Lemma 2.2, Y h(x,) = oo, and the arguments of [15], we can obtain
(26) r}gl}onjpxn_jprX* =0.

Now, from (2), we obtain

- 1 S 12—p - _
b —3llx < Hlllx + 1] pn = o0 — %)

@27) < [Pl + 11 1L — il v — Slx

il
Using again the boundedness of {x,}, (20) and (21), we obtain that lim, .« ||x, — %||x =0, i.e.,

lim;,_,. X, = X and the theorem is proved.

Remark 4.1.

1) Theorem 4.1 is a generalization of both Theorem 4.1 of Saddeek [16] and Theorem 2 of
Saddeek et al. [17].

2) If X = H and p = 2, then restriction (10) of Theorem 4.1 can be removed. In this case,
Theorem 4.1 reduces to Corollary 2.1 of Saddeek [15].

5. Application to nonlinear operator equations

Consider the equation
(28) Ax=f,

with an arbitrary f € X* where A : C — X* is a given nonlinear operator.
It is known (see, for example, [19]) that if A is bounded, pseudomonotone and coercive on a

separable reflexive Banach space, then there exists a solution x € X of equation (28).
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Such equations occur in many applications, in particular, in the description of stationary prob-
lems of filtration of incompressible liquid and the theory of soft shells (see, for example [2],
[10D.

Now we shall apply Theorem 4.1 to the case when C is a closed convex subset of the sobolev

space W, (1 < p <o), Q CR"is abounded domain with Lipschitz continuous boundary.

Theorem 5.1. Let A : C — X* be a pseudomonotone, coercive, and potential operator such that
(29) [[Ax = Ay||x- < [ljpx = jpyllx+ v,y € C.

Then for any xo = x € C, the iterative sequence constructed by

(30) JpXni1 = jpxn— T(Axy — f), n >0,

with T satisfying the condition 0 < T = min{1,a}, converges strongly to the minimum norm

solution of the equation (28). Provided that Y, o h(x,) = co.

Proof. Following the same arguments as in the proof of Theorem 3.1 of Saddeek [15], we can

prove this theorem.
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