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Abstract. In this paper two new fixed point results are studied. The first result is a theorem that involves (ot — f3)
type rational singlevalued contractions, in the sense of Geraghty type operators. The second result consists of
multivalued modified Hardy Rogers operators, namely the existence of the fixed point, data dependence, local

version involving two metrics and homotopy theorems involving two metrics are studied.
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1. Preliminaries for rational Geraghty type mappings

The first idea of the present article is that in the third section we want to prove a theorem
based on rational @ — f—contractions, so we remind the necessary concepts for this type of
operators. For more informations, we let the reader follow [13]. We recall the following crucial

concepts.
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Definition 1.1. Let X be a nonempty set and o : X x X — [0,0) be a mapping.
Then f: X — X is called aa—admissible, if it satisfies the following condition

for each x,y € X, with a(x,y) > 1 = o (fx, fy) > 1.

Definition 1.2. The mapping o : X x X — [0,00) is called transitive, if

for each x,y,z € X, with o(x,y) > 1 and a(y,z) > 1, we have a(x,z) > 1.

Moreover, let’s denote by Y the set of all functions f : [0,0) — [0, 1), satisfying lgn B(ty,) =
n—oco
1= limz, =0.
n—oo
Also, we recall the definition of @ — 8 —contractions, given by Sintunavarat in [13].
Definition 1.3. Let (X,d) be a metric space. A mapping f : X — X is called an —¢t —

B —contraction, if there exists & : X x X — [0,00) and € Y, such that

[oe(x,y) — 1+ 5*]d(fx’fy) < §Bdxy))d(xy) for each x,y € X, with 1 < & < §,.

In [13], the author proved a series of theorems such as : existence of a fixed point assuming
that the mapping f is continuous, a theorem in which the continuity is dropped and a theorem
for the uniqueness of fixed points. Also, this was based on the result of Geraghty [3] from
1973. Moreover, [8] Paunovié et. al. extended the result of W. Sintunavarat in the framework
of b-metric spaces. Additionally, they have studied fixed points for a given mapping F : X — X,
such that
[a(x,y) — 1+ S]d(Fx’Fy) < §MM(xy) for each x,y € X, with 1 < &, where A € {O, é] and

d(x,Fy)+d(y,Fx)
2s

M(x,y) = {d(x,y),d(x,Fx),d(y, Fy), } where s was the coefficient of the

b-metric space (X,d).

Furthermore, Zabihi and Razani [14] considered rational type operators and developed some
fixed point results in the framework of complete b-metric spaces. In the context of a metric
space (X,d), a self mapping f on X was considered, satisfying
d(fx,fy) < B(d(x,y)) M(x,y) +L-N(x,y), where L > 0,

(ry) =max{ ), LT ana ) = min{ a2 5 19). 01204 00
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Moreover, since we want to define some other type of o — 8 —contractions, we shall recall
that the authors in [12] developed new fixed point theorems involving a new type of rational
contractive Geraghty mapping in b-metric spaces. This rational Geraghty mapping is introduced

as follows, in the case of metric spaces.

Definition 1.4. Let (X,d) be a metric space. A mapping f : X — X is called a rational Geraghty
of type 1, if d(fx, fy) < B (M (x,y)) M (x,y), for each x,y € X,
d(x, fx)d(y, fy) d(x,fX)d(y,fy)}
I+d(xy) 7~ 1+d(fx.fy) 1

That means that in the third section, we will present a generalized theorem for rational Ger-

where B €Y and M(x,y) = max{d(x,y),

aghty mappings of type /.
2. Preliminaries for modified multivalued Hardy-Rogers

In this section, we recall some general notions in the framework of multivalued analysis
theory. Also, for the following preliminary notions and lemmas (such as : multivalued weakly
Picard operators, data dependence of the fixed point set, Haussdorf metric properties) we refer
the reader to [9], [10] and [11].

Let (X,d) be a metric space and P(X) be the family of all nonempty subsets of X.

We denote by P.;(X) the family of all nonempty subsets of X which are closed, by P,(X)
the family of all nonempty subsets of X which are bounded and by P.,(X) the family of all
nonempty subsets of X which are compact.

Furthermore, we consider the following functionals

D:P(X)xP(X)— Ry, D(A,B) =inf{d(a,b)/a € A,b € B}

H:Py(X)x Py(X) — Ry, H(A,B) = max{supD(a,B),supD(b,A)}

p: PX) x By(X) B p(A.B) = sup(D{a.B) fa c A]

We recall some useful results concerning the Haussdorf-Pompeiu generalized functional H.

Lemma 2.1. Let ¢ > 1 and A, B € P(X).
Then, for each a € A, there exists b € B such that d(a,b) < gH(A,B).

Lemma 2.2. Let (X,d) be a metric space and A,B € P(X).

Suppose that there exists 7 > 0 such that :
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(i) for each a € A, there exists b € B such that d(a,b) <7,
(ii) for each b € B, there exists a € A such that d(a,b) <7 .
Then H(A,B) < 1.

Moreover, if Y is a nonempty subset of X and 7 : Y — P(X) a multivalued operator, then an
elementx € Y is
(a) a fixed point of T if and only if x € Tx;
(b) a strict fixed point of T if and only if {x} = Tx;
Furthermore, we denote by Fr the set of all fixed points of 7 and by (SF)r the set of all strict
fixed points of 7.
We also remind the definition of the graphic of a multivalued operator, i.e.

Gr:={(x,y) €Y xX/y € Tx}.

Definition 2.3. Let (X,d) be a metric space and 7 : X — P(X) a multivalued operator. We say
that 7 is a multivalued weakly Picard operator (briefly MWP) if for each x € X and for each
y € Tx, there exists a sequence (x,) € X, satisfying the following

D) xo=x,x1 =y;

(1) x,41 € Tx,, foreach n € N;

(iii) the sequence (x,) is convergent to a fixed point of T'.

Definition 2.4. Let (X, d) be a metric space and 7 : X — P(X) an MWP.
Then T is called a c—weakly Picard operator, with ¢ € [0,00), if there exists a selection > of
T, such that

d(x,t°(x,y)) < cd(x,y), for each (x,y) € Gr.

Now we focus our attention to the case of Hardy-Rogers type mappings. In [7], the basic

notion of singlevalued Hardy-Rogers contraction appeared.

Definition 2.5. Let (X, d) be a metric space and T : X — X be an operator such that there exists

o, >0 with a+ B < 1, satisfying
od(y,Ty) (|1 +d(x, T
1+d(x,y)

In [6], Oprea A. developed a theorem concerning multivalued rational contractions (of Hardy

+ Bd(x,y), for each x,y € X.

Rogers type).
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A multivalued operator 7 : X — P(X) is called a multivalued rational type contraction, if satis-

fies the following condition
aD(y, Ty) [1 + D(x, Tx)]

1 +d(x,y)
Oprea has showed that the multivalued rational contractions are MWP-operators and developed

H(Tx,Ty) < + Bd(x,y), for each x,y € X.

theorems for data dependence, fractal theory, Ulam-Hyers stability etc.

In [4], Kumari and Panthi introduced a new type of rational contractions, called modified Hardy-
Rogers contractions.

They introduced this as types of cyclic contractions for the case of families of dislocated metric
spaces.

We recall the notion of singlevalued contractions in the context of metric spaces, i.e. singleval-

ued operator that satisfies

d(y, Ty)[14+d(x,Tx)]

d(Tx,Ty) < oud(x,y) + Bd(x,Ty) + yd(y,Tx) + 8d(y,Ty) + 1 T+ d(y)

d(y,Ty)+d(y, Tx) d(x,Tx)[1+d(y,Tx)]
1+d(y, Ty)d(y, Tx) 1+d(x,y)+d(y,Ty) "

Also, regarding Hardy Rogers mappings, our purpose to define the concept of modified Hardy-
Rogers contractions under the multivalued case shall be presented in the last section, along with

some fixed point results.
3. Some theorems regarding rational Geraghty o — 3 —contractions

In this section we present a generalized theorem for rational Geraghty mappings or type 1,
using the ov—admissibility conditions by Sintunavarat.

Moreover, we will use the same terminology from the first section.

Definition 3.1. Let (X, d) be a metric space.
A mapping f : X — X is called an —o — B —rational Geraghty mapping of type [ if and only if
there exists & : X x X — [0,00) and 8 € Y, such that

[a(x,y) — 1 4 8,405/ < §BME)IM(xy) for each x,y € X, with 1 < 8 < §,,
d(x, fx)d(y, fy) d(x,fx)d(y,fy)}
L+d(xy) 7 1+d(fx,fy) J

where M (x,y) = max{d(xay),
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Our first main result of this section is the existence theorem for o — f —rational Geraghty
mappings of type I, using the assumption that f is continuous. The techniques used in the
theorem’s proof follow the same lines as in the theorems from [13].
Theorem 3.2. Let (X ,d) be a complete metric space and f : X — X an o — B rational Geraghty
mapping of type 1. Also, suppose that the following assumptions hold
(i) f is a—admissible,
(ii) « is transitive,
(iii) there exists xo € X, such that a(xo, fxo) > 1,
(iv) f is continuous.

Then, there exists x* € X, such that x* = fx*.

Proof. e Let xy € X satisfying a(xo, fxo) > 1.

Let’s consider the Picard sequence x,| = fx,, for eachn € N.

If there exists n € N such that x,, = x;,_1, then x,,_ is a fixed point and the conclusion holds.
Suppose that for each n € N, x,, # x,,—1. So d(x,—1,x,) > 0, for each n € N.

From condition (i), we know that f is a—admissible. Since o(xg,x1) = a(xo, fxo) > 1, then
we have that o(x1,x2) = a(xy, fx1) = o(fxo, fx1) > 1.

Inductively, one can show that o(x,_1,x,) > 1, for each n € N.

Now, we estimate

§4tnnin) — §d(Frnr.fxn) < gdfn1f) o

[0t (xu1,%0) — 1 + 5*]d(fxn717fxn) < SBM (x—1,%) )M (X —1,%n)

’

$0 d(xp,Xp+1) < B(M(xp—1,%0)) - M(X—1,%n).

Moreover, we make the following computations :
d(xn—l afxn—l)d(xn;fxn) d(xn—l ;fxn—l )d(xnafxn) }
1+d(x,—1,%) T 1+d(fxa—1, fxn)
d(xn—1,%n)d (%, Xn+1) d(Xn—1,%)d (Xn, X 1) }
14+d(xp-1,%) 7~ 1+dxn,%n11)

M(xp—1,x,) = max{d(xn—l,xn)7

:max{d(xn,l,xn),

d(xp—1, d(xn, d(xp—1,
Since (xl —{l—:;’(i))c (xnxx;z—i-l) = d(xnyxn+l) ’ % < d(xmxn+l) 1= d(xmxn+1) and
n—1,4n n—1,4n
d(-xnfhxn)d(-xn)anrl) _ d<xn71,xn) ) d(xmxn+l) < d(-xnfly-xn) = d<xn71’xn)7

1+d(xp,xn11) 1 +d(xp,Xn41)
we get that M (x,,—1,x,) < max{d(x,—1,%),d(xn,xn+1)}, foreachn € N, n > 1.
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Now, we consider two cases.
(1) If max{d(xp—1,xn),d(xXn,Xn+1)} = d(xX4,Xn+1), then we get
A 5n11) < B (M(tn1,%0)) - d (0, % 1)-
Since B (M (x,—1,x,)) < 1, because B € Y,we get the contradiction d(x,, x,+1) < d (X, Xn+1)-
(II) Then, only the second case is valid, i.e. max{d(x,—1,%u),d(xn,Xpn+1)} = d(xy—1,%,), that is
d(xXn,Xn+1) < B(M (xp—1,%n))d (xp—1,%,) < d(xp—1,%,), for each n € N.
So, the sequence (d(xy,x,+1)) is strictly decreasing and nonnegative. It implies that there exists
r >0, such that d(x,, x,+1) — rasn — .
Now, we show that r = 0.
Let’s suppose that r > 0.
We know that d(x,41,X542) < B (M (xn,Xn+1)) d (X, Xn+1). Taking the limit as n — oo, we get
that r < r}l_{roloﬁ (M (xp,Xp+1)) - 7.
Because r > 0,we get that 1 < r}l_rgoﬁ (M (xp,xp41))-
But B (M (x,,xn41)) < 1, s0 r}l_I)IOIOﬁ (M (xy,xp+1)) < 1. From all this, we find that
nh_r>r°10[3 (M (xp,xp+1)) = 1. This implies that ,}EEQM(xman) =0.
Now, because M (x,,x,+1) is the maximum between three elements, if it’s limit is 0, so all the
elements have the limit 0. This means that d(x;,x,,1) — 0. This is a contradiction !
e We now show that (x,) is a Cauchy sequence.
By reductio ad absurdum, let’s suppose that (x,) is not Cauchy. Then there exists € > 0 and
there exists ny and my, such that ny > my > k, with d(xy,, ,x,, ) and n; being the smallest index

satisfying the following

d (X, Xn,) > € and d (X, Xn,—1) < €.

By triangular inequality, we have that € < d(xp, ,Xn,) < d(Xpy,Xn—1) +d(Xn—1,%n,) < €+
d(xnkflyxnk)-

Since d(Xy,—1,Xn,) — 0, taking k — oo, it follows that

ggigod(xmk,xnk) =£>0.

Like in [13], since « is transitive, we observe that o(x,,,X,,) > 1, k € N.
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Now, we make the follow estimation
& Com i) < 54 my Xy 1) 4 g1 Xmg-41) - (g1 5)
< &4 Comy X 1)+ oy Xy 11) | §(Foxmy - f )
< &y Xy 1) 4 (g Xy 1) 6j(fxmk7fxnk)

< ad(kaaka-H)+d(Xnk,Xnk+l) . [(X( ) —1+ 5*]d(fx/nk,fxﬂk)

xmk 7x}’lk

S 6d(xmk ~,xmk+l )+d(xnk 7xnk+l ) . Sﬁ (M(xmk 7xnk))M(xmk 7xnk)

So, we get that

d(xmk7xnk) < d(xmk7xmk+l) +d(xnk7xnk+l) —|—ﬁ(M(xmk,xnk))M(ka,Xnk).

Furthermore
kli_r;}oM(xmk?xnk) =
d(xmkaxmk+1)d(xnk7xnk+1) d(xmkaxmk+l)d(xnkaxnk+l> }
1 +d(xmk7xnk) ’ 1 +d(xmk+17xnk+1)
Since d (X, Xm,+1) — 0 and d (X, ,xp+1) — 0 as k — oo, we get that

ggigomax{d(xmk,xnk),

ggigoM(xmk,xnk) < ggigod(xmk,xnk) =£e>0.

In the above inequality, taking the limit as k — oo, we have that
€ < lim B(M (X, Xn,)) - €.
k—yo0
Using the fact that € > 0, it follows that klim B(M(xp,,xp,)) =1,1e. < klim M (X, Xn,) = 0.
—>00 —>00
Since M (xy,, , Xy, ) is the maximum of three elements and it has the limit 0, also because
M (X, Xn,) > d (X, ,%n, ), then all of the elements will have the limit 0, so d(x,,X,,) — 0,
which is false; so (x;) is Cauchy.
e Since X is complete with respect to the metric d, there exists x* € X such that x* = lim x,,.
n—so0
Because f is continuous, we infer that
x*=limx, = lim fx,_ = f (lim xn_1> = fx*, so x* is a fixed point for the Geraghty-type
n—oo n—oo n—oco

mapping f.

Now, also based on [13], we give a theorem where we dropped the continuity of the operator
f.

Theorem 3.3. Let (X,d) be a complete metric space and f : X — X an o, — B rational Geraghty

mappings of type I.
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Let’s suppose that the following assumptions hold
(i) f is a—admissible,
(ii) o is transitive,
(iii) there exists xo € X, such that ot(xo, fxo) > 1,
(iv) if (xn) is a sequence satisfying Q(xp,x,+1) > 1 and x, — x implies that o.(x,,x) > 1, for
eachn € N.

Then, there exists x* € X, such that x* = fx*.

Proof. In a similar manner like in the previous proof, we can show that (x,) is a Cauchy
sequence and therefore there exists x* € X, such that x, — x* when n — oo,
From (iv), we have that a(x,,x*) > 1, for each n € N.

We make the following estimation

6d(x* Jx) < 6d(x*7xn+1)+d(xn+1 JX)
5d(X* ,Xn+]) . 5d(fxﬂ7fX*) S 5d(X* axn+1) . 5f(fxﬂ7fx*)

< 5d(x*,xn+1) . [a(xmx*) 14+ 5*]d(fx,,,fx*)

< 90T Xns1) | B (M x"))M (. 2")

So, we have that d(x*, fx*) < d(x*,x,41) + B(M (xp,x*) )M (x,x*) < d(x*,xp41) + M (x,,x").

Furthermore, we have that

d(Xn; Xn11)d (X", fX7) d(xn,xn+1)d(x*,fx*)}
1+d(xp,x*) 7 1+dxur1, fx*)
Taking the limit as n — oo and using the fact that d(x,,x,+1) — 0 and that d(x,,x*) — 0, we get

M (xp,x*) = maX{d(xn,x*%

that M (x,,—1,x,) — max{ li_r>n d(x,,x"),0,0} = lim d(x,,x*) = 0.
n—yoo n—yoo
Thus d(x*, fx*) < li_r>n d(xy41,x") + lim d(x,,x*) = 0, so the conclusion holds properly.
n—yoo n—yoo
Finally, we present the theorem for the uniqueness of the fixed point for the Geraghty type

operator.

Theorem 3.4. Let’s suppose that all the assumptions from the last theorem are satisfied.
Additionally, let’s suppose that one of the following assumptions are valid

(HO) if a,b are two fixed points , then a(a,b) > 1
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(HI) for each x,y € X, there exists 7 € X such that a(x,z) > 1 and o(y,z) > 1.

Then, f admits a unique fixed point.

Proof. Let x*,y* two fixed points for the mapping f.

We consider two cases

(HO) We have that o(x*,y*) > 1.

From the Geraghty condition, it is easy to see that d(x*,y*) = 0, so the conclusion is true.
(H1) We have that there exists z € X, with o(x*,z) > 1 and ot(y*,2) > 1.

Since f is a-admissible, by induction, we get that ot (x*, f"z) > 1 and a(y*, f"z) > 1.

We make the following estimation
ad(x*,f"“z) _ 6d(fx*,f”“z) < a*d(fx*,f(f”z)) <

[a(x*, f12) — 1+ 8]V <

SBMG" )M f72)

So d(x*, f"1z) < B(M(x*, f"z))M(x*, fz), for each n € N.
Now we show that d(x*, f"z) — 0 as n — oo.

By reductio ad absurdum, we suppose that 0 < [/ := li_r>n d(x*, f'z) < oo.
n—oo

We know that
b LTS S 1)
Since x* is a fixed point for f, then r}i_r)r;M(x*,f”z) < nll_r>r°10 d(x*, f'z) = 1.

Taking the limit as n — oo and using the fact that / > 0, we get that

1< nli_r}roloﬁ(M(x*,f"z)) -1. Now, because B €7, it follows that ,}EEOB(M(X*’fnZ)) < 1. So, it
follows that r}grolo B(M(x*, f"z)) = 1. This means that nlgrolo M(x*, f"z) = 0.

By the same reasoning as in the last proof, we get that r}grolo d(x*, f"z) = 0. Furthermore, in a

similar way, one can show that f"z — y* as n — oo, s0 x* = y*.

Remark 3.5. Taking o(x,y) = 1, for each x,y € X, we get the existence and uniqueness for

Geraghty mappings of type I as a corollary.

4. Fixed Point Results for Modified Multivalued Hardy-Rogers contrac-

tions



RATIONAL CONTRACTIONS AND MODIFIED MULTIVALUED HARDY-ROGERS OPERATORS 11

In this section we introduce the concept of modified multivalued Hardy-Rogers contractions

and then we present some theorems concerning the existence of a fixed point, data dependence,

Ulam-Hyers stability. Also, we present a local version involving two metrics and a homotopy
theorem.

The first main result of this section is a fixed point theorem for modified multivalued Hardy-

Rogers contractions, regarding the existence of fixed points for these types of self-mappings.

Theorem 4.1. Let (X,d) be a complete metric space and T : X — P.(X) be a multivalued

modified Hardy Rogers operator, i.e.

H(Tx,Ty) < od(x,y) + BD(x,Ty) + yD(y, Tx) + 6D(y, Ty)+

D(y,Ty)[1+4 D(x,Tx)] D(y,Ty) +D(y,Tx) D(x,Tx)[1+ D(y, Tx)]
1+d(x,y) 1+D(y, Ty)D(y,Tx) 1+d(x,y)+D(y,Ty) "’

with all the above coefficients positive.

Ifoo+2B+n+u+A+ 06 <1, then there exists p € X, such that p € Fy.

Proof. Let’s consider xg € X an arbitrary point and g > 1.

Let x; € Txy.

If H(Txo,Tx;) =0, then Txyg = Tx, that means x; € Txy, i.e. x| € Fr.
Let’s suppose that H (Txg, Tx;) # 0.

For x; € Txg, we can choose x, € Txy, such that d(x;,x;) < g-H (Txp,Txy).

This means that

d(x1,x) <gq [(xd(xo,xl) + BD(x0,Tx1) + YD (x1,Txo) + 8D(x1, Tx) )+

D(x1,Tx1)[1 4 D(xp,Txp)] D(x1,Tx;)+ D(x1,Txp) D(x0,Txo)[1+D(x1,Txp)]
1+d(xp,x1) 1+ D(x1,Txy) - D(x1,Txp) 1+d(xp,x1)+D(x1,Txy)

So, we have that

d(xl,xz)[l +d(x0,x1)] n

d(xi,xp) <
(x1,x%2) < ¢ 1 +d(xp,x1)

od(xo,x1) + Bd(x0,x2) + vd(x1,x1) + 6d(x1,x%2) + 1M

d(x1,x2) +d(x1,x1) d(xp,x1)[1+d(x1,x1)]
1+ D(x1,Tx1)-D(x1,Txo) 1 +d(xp,x1)+D(x1,Tx1)
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Since
d(X],Xz)
d =0, <d(x1,x),
d d
that is 1+D(x1,Tx1)-D(x1,Tx0) Z 1 and (X(),Xl) < (XO’XI) Sd(X(),)q),

1+d(XO,xl)+D(X1,TX1) - 1+d(x0,x1)
because 1 +d(xp,x1) > 1, we get that

d(x1,x2) < gqlad(xo,x1) + Bd(x0,x1) 4+ Bd(x1,x2) + 0d(x1,x2) + Nd(x1,x2) + Ad(x1,x2) + 1d (x0,x1)]-
This means that

o+B+u
dx1,x) <gq- -d(xg,x1).
In a similar manner, for x, € Txq, there exists x3 € Tx; such that

d(x2,x3) < q-H(Tx1,Txp).

This means that

D@LH@U+DWJMH+

d(xz,x3) < g [ad(xl,xz) +BD(x1,Tx2) +yD(x2,Tx1) 4+ 0D(x2,Tx2) + M T+ d(r,x)

D(x2,Tx2) 4+ D(x2,Txy) +HD(x1,Tx1)[1+D(xz,Tx1)]
1+D(XZ,TX2)'D(X2,TX1) 1+d(X1,XQ)+D(XQ,TXZ)

So, we have that

d(xp,x3)|1 +d(x1,x
d(xp,x3) < q|ad(xy,x2) + Bd(x1,x3) + vd(x2,x2) + 6d(x2,x3) + 1M Ce2,x3)| (x1,%2)
1+d(x1,x)
d(x2,x3) +d(x2,x2) d(x1,x2)[14+d(x2,x2)]
1 +D(X2, sz) -D(xz, Tx1) 1 +d(X1 ,XZ)D(XL sz)
Like before, since
d(XQ,X3)
d ) - 07 S d ) 9
(x2,x2) 1+D(x2,Tx2) - D(x2,Tx1) (2,3)
d d
that is l—l—D(xZ,TXQ) -D(xz,Txl) >1and (xhxz) < (xhxz) < d(xl,xz),

L+d(x1,x)+D(x2,Txy) ~— 1+d(x1,x2)
because 1 +d(x1,xp) > 1, we get that

d(x2,x3) < qlod(x1,x2) + Bd(x1,x2) + Bd(x2,x3) + 8d (x2,x3) + Nd(x2,x3) + Ad (x2,x3) + pd (x1,x2)].

This means that
o+B+u 2d
1—ﬂﬁ+6+n+m)'<m”0
g(o+p+u)
1—g(B+n+21+8)
Since g > 1 is arbitrary taken, we impose the following condition, namely

a+pB+u
1—g(B+6+n+A)

d(x27x3) <gq

d(x1,x) < <q

By induction, we infer that d(x,,x,11) < r'*d(xg,x] ), where r :=

r < 1, which means that g(a+B+u) <1—q(B+n+A+9).
1

a+2B+u+n+A+06

Equivalently, we can take g <
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1
In this way, we can take g € | 1, .
Y 1 ( a+2ﬁ+u+n+/l+5)

From the hypotheses, we have that « +28 + u+n+ A + 6 < 1, which implies that
1

a+2B+p+n+A+8’
For r > 0 to take place, we need the relation g <
1

<
O+2B+n+A+u+6 " B+n+A+u
is obviously true.

1<

so the definition for ¢ is correct.
1
[ErEET
, it follows that ¢ + 8 + & > 0, which

Now, since g <

Now, we show that (x,),cn is a Cauchy sequence, i.e.

d(-xnver—p) < d(xnaxl’l—i-l)+~"+d(-xn+p—17-xn+p) <

(r”+...+r”+p—1)-d(xo,x1):

P (L4 4P e d(xg,x0) =

P L2 o) <P ——d(xon)
=, dWoxy) = [— ¢ x0,x1)-

For each p > 1, letting n — oo, if follows that (x,) is a Cauchy sequence.

Because the metric d is a complete, the sequence (x,) is convergent.
Then exists p € X, such that x,, — p.

We now show that p is a fixed point for the operator 7. We estimate

D(p,Tp) = inf d(p,y) <d(p,xps1)+ inf d(x,11,y) <
yeTp yeTp

d(p7-xn+l) +D<~xn+la Tp) S d(p7-xn+l) +H<Txn7 Tp) S

D(p,Tp)[1+D(xn, Txn)]
l-l-d(xn,p)

d(p,Xns1) + 0td(xn, p) + BD(x,, Tp) + ¥D(p,Txn) + 6D (p,Tp) + N

D(p,Tp)+D(p,Txn) D(xn»Txn)[1+D(p7Txn)]
1+D(p,Tp)D(p,Txn) 1+d(p,x,) +D(p,Tp)

= D(p,Tp) <d(p,xn+1) + 0d(xn, p) + Bd(xn, p) + BD(p, Tp) + yd(p,xn11) + 6D(p,T p)+

D(pan) [1+d(xn7xn+1)] D(pan)+d(paxn+l) d(xn7xn+1)(1+d(p7xn+l))
1 +d(xn, p) 1+D(p,Tp)D(p,Txy) 1 +d(xn,p) +D(p,Tp)

Now, we have used the following relations

D(p,Tx,) <d(p,xu+1), foreachn € N,

D(Xnan) = ll’lf d(xn;)’) S d(xn;p) + ll’lf d(p7y) - d(xl’hp) +D(p7Tp)’
yeTp yeTp

D(p,Tp) +D(p,Txx) _ D(p,Tp)+d(p,%ni1)
1+D(p,Tp)D(p,Tx,) — 1+D(p,Tp)D(p,Tx,)

<D(p,Tp)+d(xus1,p),
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because D(p,Tp)D(p,Tx,)+1 > 1.

Letting n — oo, we have that
D(p,Tp)<BD(p,Tp)+nD(p,Tp)+AD(p,Tp)+8D(p,Tp)+u-0=(B+n+A+8)D(p,Tp).
It follows that [1 — (B + N+ A+ 6)]D(p,Tp) < 0. The inequality 1 — (B+n+A+0) >0, is
satisfied since B+N+A+0 < a+2B+u+n+A+8<1.

We obtain that D(p, T p) = 0. This means that p € Tp,i.e. p € Fr.

1—rP
We have shown that d(x,,x,4,) < " 1 _rr d(xp,x1).

n

Letting p — oo, we have d(x,,p) < 1r

d .
- (x0,X1) 1
Letting n = 0 in the above inequality, we have d(xp, p) < -, d(xp,x1), so T is a MWP opera-
—r
tor.

Now we present a theorem concerning the fact that T is a MWP operator.

Theorem 4.2. Let (X,d) be a complete metric space and T : X — P, (X) be a multivalued

modified Hardy Rogers operator, i.e.

H (Tx,Ty) < ad(x,y) + BD(x,Ty) 4+ yD(y,Tx) + 8D(y, Ty)+

D(y,Ty)[1+ D(x,Tx)] D(y,Ty)+ D(y,Tx) D(x,Tx)[1+ D(y, Tx)]
1+d(x,y) 1+D(y, Ty)D(y,Tx) 1+d(x,y)+D(y,Ty) "’

with all the above coefficients positive.

1—(B+n+A+3)

Ifa+2B8+n+u+A+0 <1, then the operator T is —MWP.,
fo+2p+ntu P 1—(2B+N+A+0+a+p)
1— P
Proof. From the proof of the previous theorem, we have that d(x,,x,1,) < 1" 7 " a (x0,x1),
—r

g(o+p+u)
1—g(B+n+2A+8)
Since the sequence (x,) was convergent to a fixed point p of T, letting p — oo and then making

with r defined as r =

n=1, we get that d(x;,p) < lLd(xo,xl).
—r

Using the triangular inequality, it follows that

r
d(.XQ,p) < d(XO,X1)+d(X1,p) < d()C(),Xl) +Ed(XO,X1) <
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From the definition of r, letting ¢ \, 1, we obtain

1
B oa+B+u
1—(B+n+A+3)

1—(B+n+A+9)

Sod <

0 d(x0,p) < 1—2B+n+A+o+a+u
1—(B+n+A+3)

1—2B4+n+A+0+o+pu)

2B+n+u+A+38 <1, whichis valid because B+N+A+3 <2B+n+A+d0+a+u,so

d(xo,p) < d(xo,x1).

)d(xo,xl).

But > 0, which is equivaluent to B+ +A+8 <1 and o +

o+u>0.

Finally, the conclusion holds properly.

The next two theorems which are presented are related to data dependence and Ulam-Hyers

stability. For more information about this notions we remind the articles [6], [10] and [11].

Theorem 4.3. Let (X,d) be a complete metric space and T,S : X — P.;(X) be two multivalued

modified Hardy Rogers operators, i.e.

D(y,Ty)[1+ D(x,Tx)]
1+d(x,y)

H (Tx,Ty) < ard(x,y) + BrD(x,Ty) + yrD(y,Tx) + 0rD(y,Ty) + nr

D(y,Ty)+ D(y,Tx) D(x,Tx)[1+D(y, Tx)]

d
"1+ D(y, Ty)D(y, Tx) Hr 1+d(x,y)+ D0, Ty) "

D(y,Sy)[1+ D(x,Sx)]
1+d(x,y)

H (Sx,8y) < agd(x,y) + BsD(x,Sy) + ¥sD(y,Sx) + 8sD(y, Sy) + N

D(y,Sy) + D(y,Sx) D(x,Sx)[1+D(y,Sx)]
STHDO,S)DSY) ST d(x,y) + D, Sy)

with all the above coefficients positive.
Let’s suppose that o +2Br + M1 + Ar + ur + 6r < 1 and ag+2Bs+ ns+ As + us + 8s < 1.
Also, suppose that there exists T > 0, such that H(Sx,Tx) < 1, for each x € X.

Then
1 — (Br+nr+Ar+0r) 1— (Bs+Ns+ As + &)
1—2Br+nr+Ar+ 6+ ur+or)’ 1 — (2Bs+ns + As+ s + Us + )

Proof. Let’s consider xy € Fg. This means that xg € Sx.

H(Fs,Fr) <t-max{

}.

Let x* :=1*(x,y) € Fr, i.e. x* € Tx*. We denote by x := xg.
From the proofs of the previous theorems, we remind that we have shown d (x,*(x,y)) =

1
d(x,x") < d(x,y),
l—l”T
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q(ar + Pr +ur)
1—q(Br+nr+Ar+6r)

1 1 qt
oo < = — <
SOd(xﬂt ('x7y))— 1_er('x7y) 1_er(x7‘x1)— l_rT

inequality chain is obtained because for x = x, there exists y = x| € Txg, such that d(xg,x;) <

where ry := , with ¢ arbitrary taken as in the previous proofs.

, with x := xp and y := x; € Txg. This

qH (Sxo,Txo) < gT.
Analogous, we have that for yg € Fr, there exists y; € Syg, such that

o qrT
d (y0,t”(y0,y1)) < T o
s + Bs + Us

1—(Bs+Mns+As+0s)
All the above inequalities implies that H (Fs, Fr) < g7 - max{

1 1
1—1’7*’1—7‘3

where rg :=
1
1—7‘7“7 l—rS

}.

}.

Letting ¢ \, 1, we get that H(Fy, Fr) < T-max{

So, the conclusion holds.
Now, the next fixed point theorem involves Ulam-Hyers stability of the fixed point inclusion.

Theorem 4.4. Let T : X — P.,(X) be a multivalued modified Hardy Rogers contraction with
positive coefficients (a,B,y,0,n,A, 1), witha+2+n+A+u+06 < 1.

Let € > 0 and x € X, such that Dy(x,Tx) < €.
1—(B+n+A+9)
1-2B+n+oa+A+8+pu)

Proof. Let € > 0 and x € X, such that D;(x,Tx) < €.

Then, there exists x* € Fr such that d(x,x*) < € -

Since Tx is compact for the above x, it implies that there exists y € Tx, such that D(x,Tx) =

d(x,y) <e.
1

From the previous proofs, we have that d(x,%(x,y)) < 1=
—r

d(x,y), with y € Tx considered

above.
1-(B+n+A+9)

1-2B+n+a+A+6+u)
This means that the conclusion is valid under the theorem’s hypotheses.

€
Then d(x,x*) < T that is d(x,x*) < €-
—r

In the next two theorems and in the last corollary we present local versions involving two
metrics and homotopy results with respect to modified multivalued Hardy-Rogers operators.

For homotopy-type results we let the reader follow [1] and [2] and [5].

Theorem 4.5. Let (X,d) be a complete metric space. Let xo € X and r > 0.

Let p be another metric on X and let T : Ei (x0,7) — P(X) be a multivalued operator.
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Let’s suppose the following assumptions are satisfied
(1) there exists ¢ > 0 such that d(x,y) < cp(x,y), for each x,y € X
(2)Ifd #p, then T : E:i) (x0,7) — P(X9) is a closed operator,
Ifd=p, then T : Ej(xo,r) — Py(X9),
(3) for each x,y € Ez (x0,7), we have that T is a multivalued modified Hardy Rogers contraction

with respect to the metric p, i.e.

HP(Tx7Ty) S Ocp(x,y) +BDP(xaTy) +YDP(y7Tx)+5DP(y7 Ty)+

Dy (y,Ty) [1 +Dp (x, Tx)} Dy(y,Ty) +Dp(y,Tx) Dp(x,Tx) [1 +Dp (y, Tx)]
1+p(x,y) 1+ Dy (,Ty)Dp (v, Tx) L+ p(x,y)+Dp(y,Ty)

oa+p+u

(4) Dp 0, Tx0) < (1= 0)r, with 0 := T —ep=—-m 7

€ [0, 1), where all the Hardy-Rogers
type coefficients are positive.

. -d
Then, we have that there exists x* € B, (xo,r), such that x* € Tx".

Proof. From the hypotheses we have that D, (xo,Txg) < (1 —0)r.
Then, for xg there exists x; € Txp such that

p(x0,x1) < (1—06)r.

This means that x; € Ef, (x0,7). We have that

Hp (Tx0,Tx1) < op(xo,x1) + BDp(x0, Tx1) +YDp(x1,Tx0) + 8Dp (x1,Tx1)+

Dy (x1,Tx1) [1 +Dp(xo,Tx0)] A Dy (x1,Tx1)+Dp(x1,Tx0) “Dp(xo,Txo) [1 +Dp(x1,Tx0)]
1+p(x0,x1) 1+Dp(x1,Tx1)Dp(x1,TxO) 1+p(x0,x1)+Dp(x1,Tx1)

14+ p(xo,x

< Otp(xo,xl)+ﬁp(xo,x1)+[3Dp(x1,Tx1)+5Dp(x1,Tx1)—l—nDp(xl,T)q)~M

1+ p(x0,x1)

1

AD Txp)-
p (1, Tx1) 1+ Dy (x1,Tx1)Dp (x1, Txo)

+up(xo,x1) <

(4B +u)p(xo,x1)+ (A +8+B+n)Dp(x1,Tx1).

Then Hp (Tx0,Tx1) < (0t + B + )p (x0,%1) + (A + 8+ B +n)Dp (o1, Tx1).

. o+pB+u
Since Dy (x1,Tx1) < Hp(Txo,Tx1), then Dp(x1,Tx1) < T= (B+5+7H‘Tl)p
0(1 —0)r. So there exists x, € Txj such that p(x1,x2) < 0(1—0)r.

So p(x0,x2) < p(x1,x2) +p(x0,%1) <O(1—0)r+(1-0)r=(1-0)(14+0)r=(1-6>)r<r.

This means that x; € Fﬁ (x0,7).

(X(),xl) = Gp ()C(),xl) <
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.. . —=d
In a similar manner, for x; and x; in Bp (x0,r) we have that

HP(T)C] R TXQ) <ap (x1 ,)Cz) —I—BDP (x1 , T)Cz) + ’)/Dp (XQ, T)C]) + 6Dp ()Cz, TXQ)—i-
DP(x27Tx2) [1+DP(X1,T)C1)] A Dp(x2aTx2)+DP(x27Tx1) Dp(xlaTxl) [1 +Dp(x27Tx1)]
1+p(X1,X2) 1+DP(XQ,TXQ)DP(XQ,TX1) 1+P(X1,xz)+Dp(XQ,TXQ)

1+ p(x1,x2)
14 p(x1,x2)

< ap(x,x2)+ Bp(x1,x2) +ﬁDp (x2,Tx2) + 5Dp (x2,Tx) + nD, (x2,Txp) -

1
1 +DP (x2, TXZ)Dp (Xz, Tx

ADp(x2,Txz) - ] +up(x1,x2) <

(o +B+u)p(x1,x2) + (A +8+B+n)Dp(x2,Tx).

Then Hy (Tx1,Tx2) < (a+B+u)p(x1,x2) + (A +6+B+n)Dp(x2,Tx2).

, o+B+u
Since Dy (x2,Tx2) < Hy(Tx1,Tx2), then Dy (xp,Tx0) <
P(Z 2) P( 1 2) P(2 2) 1_([3"’_5"}_2/"}_”

62(1— 6)r. So there exists x3 € Txy such that p(x7,x3) < 8%(1 —0)r.

)P(X1»X2) =0p(x1,x2) <

So, applying triangular inequality, we obtain
p(x0,x3) < p(x0,%2) +p(x2,x3) < (1= 02)r+60%(1—-0)r=(1-6%r<r.

This means that x3 € Ez (x0,7).

So, we have created a sequence (x;) C E:l, (x0,7), with the following properties :

(1) X1 € Txy, foreachn € N,

(i) p (xp_1,%,) < 0" (1 —0)r, foreachn € N,

(i) p (0, ) < (1— 67)r.

It is easy to see that (x,) is a Cauchy sequence in (X, p).

Using the fact that d(x,y) < cp(x,y), for each x,y € X, it implies that (x,) is a Cauchy sequence
in (X,d).

. . . —d d
Because (X,d) is a complete metric space, there exists x* € B, (xo,) such that x, — x*.

Furthermore, we have two cases to analyze.
I1fd # p, since T : Ez (x0,7) — P(X?) is a closed operator, then x* € Tx*.
IIIf d = p, we have that Dy (x*, Tx*) <d(x*,x,4+1) +Dg(xpt1, Tx*) <d(x*,xp41) +Hg(Txn, Tx*) =



RATIONAL CONTRACTIONS AND MODIFIED MULTIVALUED HARDY-ROGERS OPERATORS 19

d(x*,xp41) + Hp (Tx,, Tx*). It follows that

Dy(x*, Tx*) <d(x*,xp41) + ad(x,,x) + BDy(x, Tx*) + YDy (x*, Tx,) + 8Dy (x*, Tx*)+

Dy(x*,Tx*) [1 4+ Dy (xn, Txy)] Dy(x*,Tx*)+Dy(x*,Tx,) Dy(x, Txp) [14 Dg(x*,Txy)] <
1 +d(x,,x*) 1+ Dy(x*,Tx*)-Dgy(x*, Txp) 1 +d(xp,x*) + Dy (x*, Tx*)

d(x*, xp11) + 0td (xp, X" ) + BDy (x4, Tx™) + YDy (x*, Tx,) + 6Dy (x*, Tx™)+

NDy(x*, Tx*) [1 +d (X, %p41)] + ADg(x*, Tx™) + Ad (X", xp1) + Ud (Xn, Xn11) [1 +d (X7, x)] -
Letting n — oo, we get the following inequality
Dy(x* Tx") <[B+6+A+N]Dy(x*,Tx"), i.e. Dg(x*, Tx*) (B+6+A+mn) <0.

Now, since 6 € [0, 1), as in the proofs of the previous theorems, it follows that +0+ 1+ A <
o+2B+u+n+A+06 < 1. Moreover, because d = p and T has closed values, we have that
x*eTx".

Now, the last main result of this section involves a theorem regarding the homotopy of a

modified multivalued Hardy-Rogers operator.

Theorem 4.6. Let (X,d) be a complete metric space and d,p two metrics on X such that there
exists ¢ > 0, with d(x,y) < cp(x,y), for each x,y € X.

Let U C (X,p) an open subset and V C (X,d) a closed subset of X, such thatU C V.

Let’s consider the multivalued operator G : 'V x [0,1] — P(X), which satisfies the following
conditions :

(a) x € G(x,t), foreachx € V\U andt € [0,1]

(b) there exists o, 3,7, 8,A,M, U positive coefficients with 0 € [0,1) as in the previous theorem,
such that for each t € [0,1] and x,y € V, we have that

HP (G(X,l),G(y,l)) < Mp,G(~,t) (x,y), where

My 6(.1)(%,y) = ap(x,y) + BDp (x,G(y,1)) + ¥Dp (v, G(x,1)) + 8Dy (y,G(y, 1))+
DP(y7 G(y7t)> [1 +DP<X7 G()C,l))} Dp(y, G(yvt)) +Dp(y7 G(X,t))
1+p<x7))) 1+Dp(y7G(y7t>)DP(y7G(x’t))
Dy (x,G(x,1)) [1 +Dp(y,G(x,1))]
14 p(x,y) +Dp(y,G(y,1))
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(c) there exists an increasing, continuous function ¢ : [0,1] — R, such that

Hp (G(x,1),G(x,5)) < |¢(t) — 9 (s)
(d) G:V x[0,1] = P(X,d) is a closed operator.

, for each s,t € [0,1] and x € V

Then, we have the following equivalence relation

G(-,0) has a fixed point if and only if G(-,1) has a fixed point.

Proof. Let’s suppose that G(-,0) has a fixed point z .
From the assumption (a), we get that z € U.
Let’s denote Q := {(¢,x) € [0,1] x U /x € G(x,t) }. Then Q is nonempty, because (0,z) € Q.
On the set Q, we define a partial order relation, i.e.
(t,x) < (s,y) if and only if + < s and p(x,y) < %]q)(t) — ¢(s)|, for each z,5 € [0,1] and
x,yeU.
Let M C Q, with M being a totally ordered subset of Q.
Moreover, denote by t* := sup t.
(tx)eM
Now we define the sequence (f,,,x,,) € M, such that (t,,x,) < (ty41,%n+1), With t,, — t*.
As in [5], we have that
P (Xn,xm) < % |@ () — @ (2,)|. This implies that p (x,,x,,) — 0 and therefore (x,) is a Cauchy
sequence with respect to the metric p.
Using the fact that (X,d) is a complete metric space and that there exists ¢ > 0, such that for
eachx,y € X, d(x,y) < cp(x,y), we obtain that x, — x*, with x* € (X, d).
Since x, € G(xy,1,) and G is a d—closed operator, we have that x* € G(x*,1*).
From assumption (a), x* € U and therefore (*,x*) € Q.
Since M is a totally ordered subset of Q, it follows that (z,x) < (t*,x*), for each (¢,x) € M, so
(t*,x*) is an upper bound for M.
Using the well known Zorn’s Lemma, Q admits a maximal element, i.e. (79, xp) € Q.
Now we show that 7y = 1.
Let’s suppose the contrary, i.e. that fo < 1. We choose r > 0 and € (o, 1) such that B, (xo,7) C
U, with r = %ma) o
Then D), (xo,G(x0,t)) < Dp (x0,G(x0,10)) + Hp (G(x0,%0),G(x0,1)) <

[9(2) — @ (t0)| + Dp(x0,G(x0,t0))-
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Since (t,xo) € Q, it implies that xo € G(xo, 1), therefore D, (xo, G(xo,%0)) = 0.
So Dy (0. G(x0.0)) < [0(6) — 0(1) < O < (1 o).
But we know that EZ (x0,7) CV,s0G: Fz (x0,7) — P(X) satisfies the assumptions of the
previous theorem, therefore for each ¢ € [0, 1], there exists x € FZ (x0,r) satisfying the property
that G has a fixed point, that is x € G(x,t), which implies that (¢,x) € Q.
But p(xg,x) < %W(t) — ¢(19)| = r. This means that (f9,xo) < (¢,x), which is a contraction.
Soty=1.
For the other implication, we show that G(-, 1) has a fixed point by swapping ¢ with 1 —¢ in the

first part of the proof. So, we get the desired result.
When the metric functionals d and p are identical, we have the following corollary.

Corollary 4.7. Let U C V C X, with (X,d) a complete metric space, U open and V closed.
Let G:V x [0,1] — P(X) a closed operator , satisfying the following assumptions

(@) x € G(x,1), foreachx € V\U and t € [0, 1]

(b) G(+,#) be a Hardy Rogers modified multivalued contraction with respect to d, for each
t€[0,1]

(©) Ha (G(x,1),G(x,5)) <[9(t) — ¢(s)

R increasing and continuous.

,foreacht,s € [0,1] and for each x € V, with ¢ : [0, 1] —

Then
G(-,0) has a fixed point if and only if G(-, 1) has a fixed point.
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