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1. Introduction and preliminaries

In the year of 1922, the important and very fruitful concepts of contraction mapping was given

by Banach [1]. In 1968, Kannan [2] proved some fixed point theorems for a map satisfying con-

traction condition that did not require continuity at each point. In 1976, Jungck [3] generalized
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the Banach contraction principle by introducing the concept of commuting mappings and put

the open problem for scholars for next some decades. Since then many fixed point theorems

were proved and found many weaker forms of commutativity and continuity that contains the

existence of common fixed points. In 1982, Sessa [4] introduced the notion of weak commuta-

tivity and obtained some common fixed point theorems of mappings. Jungck [5, 20] generalized

the notion of weak commutativity by introducing compatible mappings and then weakly com-

patible mappings. Since then it carried a lot of unique common fixed point theorems of pair of

maps. Possibly the first common fixed point theorem, without continuity conditions was proved

by Pant [6, 7] by introducing reciprocal continuity. Recently, Pant et al. [9], Pant and Bisht

[10] and Bisht and shahzad [11] generalized the notion of reciprocal continuity by introducing

weak reciprocal continuity, conditionally reciprocal continuity and faintly compatible mappings

respectively and obtained some fixed point theorems. In 2008, Al thagafi et al. [15] introduced

the weaker form of weak compatible mapping by occasionally weakly compatible mappings

(owc). One another generalization of notion of compatible mappings (says semi compatiable

mappings) is introduced by Singh et al. [8]. They proved that the concept of semi compatible

mappings is equivalent to concept of compatible mappings under some conditions of mappings.

Recently Salooja et al. [12, 16] generalized the notion of semi compatibility by introducing

weak semi compatible mapping and conditional semi compatible mapping and obtained some

fixed point theorems by using these notions ( for further details see Saluja et. al. [13]). They

also proved that one of these notions named conditional semi compatible mapping is necessary

condition for existence of common fixed point. In 2014, the concept of C−class function was

introduced by Ansari [14]. In this note we shall prove some fixed point theorems by using the

new notion of inverse C−class function under weak semi compatible mapping.

Next, we discuss some relevant definitions and results.

Definition 1.1. [5] - Two self maps f and g of a metric space (X ,d) are called compatible if

limd( f gxn,g f xn) = 0, whenever xn is a sequence in X such that lim f xn = limgxn = t for some

t in X.

Definition 1.2. [8] - Two self maps f and g of a metric space (X ,d) are called semi compatible

if lim f gxn = gx holds when lim f xn = limgxn = x for some x ∈ X.
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Definition 1.3. [17] - Two self maps f and g of a metric space (X ,d) are called R- weak

commuting of type Ag if there exist some positive real number R such that

d(g f x, f f x)≤ Rd( f x,gx)

for all x in X.

Definition 1.4. [17] - Two self maps f and g of a metric space (X ,d) are called R- weak

commuting of type A f if there exist some positive real number R such that

d( f gx,ggx)≤ Rd( f x,gx)

for all x in X.

Definition 1.5. - Let X be any set. If f and g are self maps of X. A point x in X is called

coincidence point of f and g if and only if f x = gx.

Definition 1.6. [15] - A pair ( f ,g) of self mappings define on a nonempty set X is said to be

occasionally weakly compatible mappings (in short owc) if there exists a point x in X , which is

coincidence point of f and g at which f and g commute.

Definition 1.7. - Let X be a set. A symmetric on X is a mapping d : X×X → [0,∞) such that

d(x,y) = 0 i f f x = y and d(x,y) = d(y,x) for all x,y ∈ X .

Definition 1.8. [18] - Two self maps f and g of metric space (X ,d) are said to be f−compatible

of type (E) if lim f f xn = lim f gxn = gt , whenever {xn} is a sequence in X such that lim f xn =

limgxn = t for some t in X.

Definition 1.9. [18] - Two self maps f and g of metric space (X ,d) are said to be g−compatible

of type (E) if limggxn = limg f xn = f t , whenever {xn} is a sequence in X such that lim f xn =

limgxn = t for some t in X.

Definition 1.10. [19] - Let f and g are two self mappings of metric space (X ,d) . Mappings f

and g satisfy E.A. property if there exists a sequence {xn} in X such that lim f xn = limgxn = t

for some t ∈ X .
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Definition 1.11. [12] - Two self maps f and g of a metric space (X ,d) are called weak semi

compatible mappings if lim f gxn = gt, or limg f xn = f t, whenever {xn} is a sequence in X such

that lim f xn = limgxn = t for some t in X .

In 2014 the concept of C-class functions was introduced by A. H. Ansari [14], defined as:

Definition 1.12. [14] A mapping f : [0,∞)2→ R is called C-class function if it is continuous

and satisfies following axioms:

(1): f (s, t)≤ s;

(2): f (s, t) = s implies that either s = 0 or t = 0; for all s, t ∈ [0,∞).

Note for some F we have that F(0,0) = 0.

We denote all collections of C−class functions as C .

Example 1.13. [14] The following functions F : [0,∞)2 → R are elements of C , for all s, t ∈

[0,∞):

• F(s, t) = s− t, F(s, t) = s⇒ t = 0;

• F(s, t) = ms, 0<m<1, F(s, t) = s⇒ s = 0;

• F(s, t) = s
(1+t)r ; r ∈ (0,∞), F(s, t) = s⇒ s = 0 or t = 0;

• F(s, t) = log(t +as)/(1+ t), a > 1, F(s, t) = s⇒ s = 0 or t = 0;

• F(s, t) = ln(1+as)/2, a > e, F(s,1) = s⇒ s = 0;

• F(s, t) = (s+ l)(1/(1+t)r)− l, l > 1,r ∈ (0,∞), F(s, t) = s⇒ t = 0;

• F(s, t) = s logt+a a, a > 1, F(s, t) = s⇒ s = 0 or t = 0;

• F(s, t) = sβ (s), β : [0,∞)→ [0,1) and is continuous, F(s, t) = s⇒ s = 0;

• f (s, t) = ϑ(s); ϑ : R+×R+→ R is a generalized Mizoguchi-Takahashi type function,

f (s, t) = s⇒ s = 0;

• f (s, t) = s
Γ(1/2)

∫
∞

0
e−x
√

x+t dx, where Γ is the Euler Gamma function.

After the motivation of C−Functions we define the following:

Definition 1.14. A mapping F : [0,∞)2→R is called inverse-C-class function if it is continuous

and satisfies following axioms:
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(1): F(s, t)≥ s;

(2): F(s, t) = s implies that either s = 0 or t = 0; for all s, t ∈ [0,∞).

Note that for some F we have that F(0,0) = 0.

We denote collection of all inverse C−class functions as Cinv.

Example 1.15. The following functions F : [0,∞)2→R are elements of Cinv, for all s, t ∈ [0,∞):

(1) F(s, t) = s+ t, F(s, t) = s⇒ t = 0;

(2) F(s, t) = ms, 1<m<∞, F(s, t) = s⇒ s = 0;

(3) F(s, t) = s(1+ t)r; r ∈ (0,∞), F(s, t) = s⇒ s = 0 or t = 0;

(4) F(s, t) = loga(t +as)(1+ t), a > 1, F(s, t) = s⇒ t = 0;

(5) F(s, t) = φ(s),F(s, t) = s⇒ s = 0,here φ : [0,∞)→ [0,∞) is a upper semicontinuous

function such that φ(0) = 0, and φ(t)> t for t > 0,

(6) f (s, t) = ϑ(s); ϑ : R+×R+→ R is a generalized Mizoguchi-Takahashi type function,

f (s, t) = s⇒ s = 0;

For further details readers are referred to [14].

We will use the following control functions, defined as:

Let Φ denote the set of all functions ϕ : [0,+∞)→ [0,+∞) that satisfy the following condi-

tions:

(1) ϕ is lower semi-continuous on [0,+∞),

(2) ϕ(0) = 0,

(3) ϕ(s)> 0 for each s > 0.

Let Φ1 denote the set of all functions ϕ : [0,+∞)→ [0,+∞) that satisfy the following condi-

tions:

(1) ϕ is lower semi-continuous on [0,+∞),

(2) ϕ(0)≥ 0,

(3) ϕ(s)> 0 for each s > 0

Let Ψ denote all the functions ψ : [0,∞)→ [0,∞) which satisfy:
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(1) ψ(t) = 0 if and only if t = 0,

(2) ψ is continuous and increasing.

We use the following notations:

min
0
{0,d( f x,gx),d( f y,gy)}= min{d( f x,gx),d( f y,gy)}.

For example:

min
0
{0,1,2,3,4} = min{1,2,3,4}= 1,

min
0
{1,2,3,4} = min{1,2,3,4}

We need the following lemma in sequel.

Lemma 1.16. [21] Suppose (X ,d) be a metric space and {xn} be a sequence in X such that

d(xn,xn+1)→ 0 as n→ ∞. If {xn} is not a Cauchy sequence then there exist an ε > 0 and

sequences of positive integers {m(k)} and {n(k)} with

m(k) > n(k) > k such that d(xm(k),xn(k))≥ ε,d(xm(k)−1,xn(k))< ε

and

(i): limk→∞ d(xm(k)−1,xn(k)+1) = ε;

(ii): limk→∞ d(xm(k),xn(k)) = ε;

(iii): limk→∞ d(xm(k)−1,xn(k)) = ε.

We note that

lim
k→∞

d(xm(k)+1,xn(k)+1) = ε and lim
k→∞

d(xm(k),xn(k)−1) = ε.

Theorem 1.17. Let X be a set with a symmetric d. Suppose that f and g are owc self maps of

X satisfying:

(1) ψ(d( f x, f y))≥ F(ψ(m(x,y)),ϕ(m(x,y))),

where m(x,y) =min0{d(gx,gy),d( f x,gx),d( f y,gy)}. Then f and g have common fixed point

in X .
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Proof. Since the mappings f and g are owc, then there exist a point x ∈ X such that f x = gx and

f gx = g f x. Now by 1, we have

ψ(d( f x, f gx))

≥ F(ψ(min
0
{d(gx,ggx),d( f x,gx),d( f gx,ggx)}),

ϕ(min
0
{d(gx,ggx),d( f x,gx),d( f gx,ggx)})),

ψ(d( f x,g f x)) ≥ F(ψ(min
0
{d( f x,g f x),0,0}),ϕ(min

0
{d( f x,g f x),0,0}))

≥ F(ψ(min{d( f x,g f x})),ϕ(min{d( f x,g f x)}))

≥ F(ψ(d( f x,g f x}),ϕ(d( f x,g f x)))≥ ψ(d( f x,g f x))

This implies ψ(d( f x,g f x)) = 0 or ϕ(d( f x,g f x)) = 0. This yields g f x = f x. Therefore f f x =

f x and hence f x is a common fixed point of f and g. �

2. Main results

Theorem 2.1. Let f and g are weak semi compatible R−weakly commuting type of A f self

mappings of a complete metric space (X ,d) satisfying the following;

a): f (X)⊆ g(X);

b): ψ(d( f x, f y))≥ F(ψ(m(x,y)),ϕ(m(x,y)));

where m(x,y) = min0{d(gx,gy),d( f x,gx),d( f y,gy)};

c): f and g are either f compatible of type (E) or g−compatible of type (E),

where ψ ∈Ψ and ϕ ∈Φ.

Then f and g have a common fixed point in X .

Proof. Let x0 be any point in X . Since f (X)⊆ g(X) there exist x1 ∈ X such that

f x1 = gx0 = y0.

Similarly we can have a sequence satisfying

f xn+1=gxn = yn
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Now by condition (b)

ψ(d(( f xn, f xn+1)) ≥ F(ψ(min
0
{d(gxn,gxn+1),d( f xn,gxn),d( f xn+1,gxn+1)}),

ϕ(min
0
{d(gxn,gxn+1),d( f xn,gxn),d( f xn+1,gxn+1)}))

Since f xn = yn−1 and f xn+1 = yn, then the above inequality can be written as:

ψ(d((yn−1,yn)) ≥ F(ψ(min
0
{d(yn,yn+1),d(yn−1,yn),d(yn,yn+1)}),

ϕ(min
0
{d(yn,yn+1),d(yn−1,yn),d(yn,yn+1)}))

= F(ψ(min
0
{d(yn,yn+1),d(yn−1,yn)}),ϕ(min

0
{d(yn,yn+1),d(yn−1,yn)}))

≥ ψ(min
0
{d(yn,yn+1),d(yn−1,yn)})(2a)

Now suppose that

0≤ r = d(yn,yn+1)≤ d(yn−1,yn)

then

min
0
{d(yn,yn+1),d(yn−1,yn)}= d(yn,yn+1),

taking n→ ∞,in inequality 2a, using the continuity of all the functions involved in inequality,

which becomes

(3) ψ(r)≥ F(ψ(r),ϕ(r))≥ ψ(r).

Implies

F(ψ(r),ϕ(r)) = ψ(r).

Implies that either ψ(r) = 0 or ϕ(r) = 0, hence r = 0, in other words

(4) lim
n→∞

d(yn,yn+1) = 0.

Now, we have to show that {yn} is a Cauchy sequence, on contrary that sequence {yn} is not a

Cauchy sequence, then from lemma 1.16 there exists ε>0 such that we can find subsequences
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{xnk}and {xmk} of {xn} with nk> mk>k such that

ε = lim
k→∞

d(xm(k),xn(k))(5)

= lim
k→∞

d(xm(k),xn(k)+1)(6)

= lim
k→∞

d(xm(k)+1,xn(k))(7)

= lim
k→∞

d(xm(k)+1,xn(k)+1),(8)

then sequence {xn} for all nk> mk>k , the inequality 3 becomes

ψ(ε)≥ F(ψ(ε),ϕ(ε))≥ ψ(ε).

Implies either ψ(ε) = 0 or ϕ(ε) = 0, therefore ε = 0. Which is a contradiction. Therefore

{yn} is a Cauchy sequence. Since X is complete, there exist a point t in X such that {yn}→ t as

n→ ∞ moreover

yn = f xn+1 = gxn→ t for t ∈ X .

Now we have following possibilities:

Case-1: f and g are f -compatible of type (E). Since f and g are weak semi compatible,

yields

lim f gxn = gt or limg f xn = f t.

Firstly, take

limg f xn = f t.

Since f and g are f -compatible of type (E), yields

lim f f xn = lim f gxn = gt.

Now by (b)

ψ(d( f f xn, f t)) ≥ F(ψ(min
0
{d(g f xn,gt),d( f f xn,g f xn),d( f t,gt)}),

ϕ(min
0
{d(g f xn,gt),d( f f xn,g f xn),d( f t,gt)})).
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Now apply limit n→ ∞ on above inequality, yields

ψ(d(gt, f t)) ≥ F(ψ(min
0
{d( f t,gt),d(gt, f t),d( f t,gt)}),

ϕ(min
0
{d( f t,gt),d(gt, f t),d( f t,gt)}))

= F(ψ(d( f t,gt)),ϕ(d( f t,gt)))

≥ ψ(d( f t,gt)).

Hence

ψ(d(gt, f t))≥ F(ψ(d( f t,gt)),ϕ(d( f t,gt)))≥ ψ(d( f t,gt)),

implies

F(ψ(d( f t,gt)),ϕ(d( f t,gt))) = ψ(d( f t,gt)).

Which further implies that

ψ(d( f t,gt)) = 0 or ϕ(d( f t,gt)) = 0,

in either case, we have f t = gt.

Since f and g are R−weak commuting of type A f , we have

d( f gt,ggt)≤ Rd( f t,gt),

yields

f gt = g f t or f gt = g f t = f f t = ggt.

Now form (b)

ψ(d( f f t, f t)) ≥ F(ψ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)}),

ϕ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)}))

= F(ψ(d( f f t, f t),ϕ(d( f f t, f t)).

≥ ψ(d( f f t, f t)).

With same arguments used above, we have

ψ(d( f f t, f t) = 0 or ϕ(d( f f t, f t) = 0
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Implies

f f t = f t or gt = f f t = g f t = f t.

Hence f t is common fixed point of f and g.

Now, suppose that we have

lim f gxn = gt.

Since f and g are f−compatible of type (E), this yields,

lim f f xn = lim f gxn = gt.

Also f and g are R−weakly commuting type A f , implies

d( f gxn,ggxn)≤ Rd( f xn,gxn).

Now, apply limit n→ ∞ , then we have

limggxn = gt.

From condition (b), we have

ψ(d( f xn, f gxn)) ≥ F(ψ(min
0
{d(gxn,ggxn),d( f xn,gxn),d( f gxn,ggxn)}),

ϕ(min
0
{d(gxn,ggxn),d( f xn,gxn),d( f gxn,ggxn)})).

Now, apply limit n→ ∞, then the above inequality becomes

ψ(d(t,gt)) ≥ F(ψ(min
0
{d(t,gt),d(t, t),d(gt,gt)}),

ϕ(min
0
{d(t,gt),d(t, t),d(gt,gt)}))

= F(ψ(d(t,gt)),ϕ(d(t,gt))≥ ψ(d(t,gt)).

Implies, either

ψ(d(t,gt) = 0 or ϕ(d(t,gt) = 0,

which further implies that

gt = t.
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Now from (b), we have

ψ(d( f xn, f t)) ≥ F(ψ(min
0
{d(gxn,gt),d( f xn,gxn),d( f t,gt)}),

ϕ(min
0
{d(gxn,gt),d( f xn,gxn),d( f t,gt)})),

take limit n→ ∞, then above inequality becomes

ψ(d(t, f t)) ≥ F(ψ(min
0
{d(t, t),d(t, t),d( f t, t)}),

ϕ(min
0
{d(t, t),d(t, t),d( f t, t)})

= F(ψ(d( f t, t)),ϕ(d( f t, t))≥ ψ(d( f t, t)).

Then either

ψ(d( f t, t)) = 0 or ϕ(d( f t, t)) = 0,

yields f t = t and hence f t = gt = t implies that t is common fixed point of f and g.

Now, we consider the second possibility as:

Case 2- Let f and g are g-compatible of type (E). Since f and g are weak semi compatible,

this yields either

lim f gxn = gt or limg f xn = f t.

First we take

limg f xn = f t.

Since f and g are g-compatible of type (E), yields

limggxn = limg f xn = f t.

Also f and g are R−weakly commuting type of A f , implies

d( f gxn,ggxn)≤ Rd( f xn,gxn).

Now, apply limit n→ ∞, We have

lim f gxn = f t.
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From the condition (b), we have

ψ(d( f gxn, f t)) ≥ F(ψ(min
0
{d(ggxn,gt),d( f gxn,ggxn),d( f t,gt)}),

ϕ(min
0
{d(ggxn,gt),d( f gxn,ggxn),d( f t,gt)})).

Now, apply limit n→ ∞ we have

0 = ψ(d( f t, f t))≥ F(min
0
{d( f t,gt),d( f t, f t),d( f t,gt)}),

ϕ(min
0
{d( f t,gt),d( f t, f t),d( f t,gt)})),

= F(ψ(d( f t,gt)),ϕ(d( f t,gt)))≥ ψ(d( f t,gt))

As a result, we have, either

ψ(d( f t,gt)) or ϕ(d( f t,gt)) = 0,

this yields

f t = gt.

Since f and g are R−weak commuting of type A f , we have

d( f gt,ggt)≤ Rd( f t,gt),

yields

f gt = g f t or f gt = g f t = f f t = ggt.

Now from (b), we have

ψ(d( f f t, f t)) ≥ F(ψ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)}),

ϕ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)})),

= F(ψ(d( f f t, f t)),ϕ(d( f f t, f t)))≥ ψ(d( f f t, f t)),

hence, either

ψ(d( f f t, f t)) or ϕ(d( f f t, f t)) = 0,

implies

f f t = f t or f f t = g f t = f t.
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Hence f t is common fixed point f and g .

Now, we take

lim f gxn = gt.

Since f and g are g-compatible of type (E), this yields

limggxn = limg f xn = f t.

Now from (b), we have

ψ(d( f gxn, f t)) ≥ F(ψ(min
0
{d(ggxn,gt),d( f gxn,ggxn),d( f t,gt)}),

ϕ(min
0
{d(ggxn,gt),d( f gxn,ggxn),d( f t,gt)})).

Apply limit n→ ∞ on both side of above inequality, we have

ψ(d(gt, f t)) ≥ F(ψ(min
0
{d( f t,gt),d(gt, f t),d( f t,gt)}),

ϕ(min
0
{d( f t,gt),d(gt, f t),d( f t,gt)})),

= F(ψ(d( f f t, f t)),ϕ(d( f f t, f t)))≥ ψ(d( f f t, f t)).

In this case, either

ψ(d( f f t, f t)) or ϕ(d( f f t, f t)) = 0,

hence, we have

f t = gt.

Since f and g are R−weak commuting of type A f , we have

d( f gt,ggt)≤ Rd( f t,gt),

yields

f gt = g f t or f gt = g f t = f f t = ggt.

From condition (b), we have

ψ(d( f f t, f t)) ≥ F(ψ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)}),

ϕ(min
0
{d(g f t,gt),d( f f t,g f t),d( f t,gt)})),

= F(ψ(d( f f t, f t)),ϕ(d( f f t, f t)))≥ ψ(d( f f t, f t)).



SOME FIXED POINT THEOREMS OF INVERSE C− CLASS FUNCTION 15

In this case we have, either

ψ(d( f f t, f t)) or ϕ(d( f f t, f t)) = 0,

implies

f f t = f t or f f t = g f t = f t.

Hence f t is common fixed point f and g. �

Corollary 2.2. Let f and g are weak semi compatible, R−weakly commuting type of A f , self

mappings of a complete metric space (X ,d) , which satisfies the following:

a): f (X)⊆ g(X)

b): ψ(d( f x, f y))≥F(ψ(m f (x,y)),ϕ(m f (x,y))); where m f (x,y)= ad(gx,gy)+bd( f x,gx)+

cd( f y,gy),

: where a,c > 1, a+ c > 0 and b ∈ R such that a+b+ c > 1.

c): f and g are either f compatible of type (E) or g−compatible of type (E),

then f and g have a common fixed point in X .

Proof. From the condition (b) of corollary, it is simple to show that

ψ(d( f x, f y))≥ F(ψ(m f (x,y)),ϕ(m f (x,y)))≥ F(ψ(m(x,y)),ϕ(m(x,y)));

where m(x,y) = min0{d(gx,gy),d( f x,gx),d( f y,gy)}.Remaining proof is on the same lines as

the proof of Theorem 2.1. �

Lemma 2.3. [13] If f and g are f -compatible of type (E) or g-compatible of type (E), then they

are owc, but the converse is not true in general.

Corollary 2.4. Let X be a set and let d be the symmetric on X. Let self maps f and g on X

satisfy:

a): f (X)⊆ g(X);

b): ψ(d( f x, f y))≥ F(ψ(m(x,y)),ϕ(m(x,y)));

where m(x,y) = min0{d(gx,gy),d( f x,gx),d( f y,gy)};

c): f and g are either f compatible of type (E) or g−compatible of type (E),
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where ψ ∈Ψ and ϕ ∈Φ.

Then f and g have a common fixed point in X .

Proof. Let f and g are either f−compatible of type (E) or g−compatible of type (E), therefore

the conclusion follows from theorem 1.17. �

Theorem 2.5. Let f and g are weak semi compatible R−weakly commuting type of A f self

mappings of a complete metric space (X ,d) such that,

a): f (X)⊆ g(X);

b): ψ(d( f x, f y))≥ F(ψ(mg(x,y)),ϕ(mg(x,y)));

where mg(x,y) =min0{d(gx,gy),k
d( f x,gx)+d( f y,gy)

2
,k

d( f x,gy)+d( f y,gx)
2

}with k≥ 2,

ψ ∈Ψ and ϕ ∈Φ.

c): Mapping f and g are either f−compatible of type (E) or g−compatible of type (E).

If mappings f and g satisfy EA property, then f and g have common fixed point in X .

Proof. Since mappings f and g satisfy EA property, then there exists a sequence {xn} in X such

that lim f xn = limgxn = t for some t ∈ X .

Case-1: f and g are f -compatible of type (E).

Since f and g are weak semi compatible, this yields

lim f gxn = gt or limg f xn = f t.

First we take

limg f xn = f t.

Since f and g are f -compatible of type (E), yields

lim f f xn = lim f gxn = gt.

Now by (b)

ψ(d( f f xn, f t))

≥ F(ψ(min
0
{d(g f xn,gt),k

d( f f xn,g f xn)+d( f t,gt)
2

,k
d( f f xn,gt)+d( f t,g f xn)

2
}),

ϕ(min
0
{d(g f xn,gt),k

d( f f xn,g f xn)+d( f t,gt)
2

,k
d( f f xn,gt)+d( f t,g f xn)

2
})).
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Now apply limit n→ ∞ on above inequality, yields

ψ(d(gt, f t)) ≥ F(ψ(min
0
{d( f t,gt),k

d(gt, f t)+d( f t,gt)
2

,k
d(gt,gt)+d( f t, f t)

2
}),

ϕ(min
0
{d( f t,gt),k

d(gt, f t)+d( f t,gt)
2

,k
d(gt,gt)+d( f t, f t)

2
})).

≥ F(ψ(min{d( f t,gt),kd( f t,gt)}),ϕ(min{d( f t,gt),kd( f t,gt)}))

≥ F(ψ(d( f t,gt)),ϕ(d( f t,gt)))≥ ψ(d( f t,gt)).

This implies ψ(d( f t,gt)) = 0 or ϕ(d( f t,gt)) = 0 in either case, we have f t = gt.

Since f and g are R−weak commutating of A f , we have

d( f gt,ggt)≤ Rd( f t,gt).

This yields

f gt = ggt and further f gt = g f t = f f t = ggt.

Now form (b)

ψ(d( f t, f f t)) ≥ F(ψ(min
0
{d(gt,g f t),k

d( f t,gt)+d( f f t,g f t)
2

,k
d( f t,g f t)+d( f f t,gt)

2
}),

ϕ(min
0
{d(gt,g f t),k

d( f t,gt)+d( f f t,g f t)
2

,k
d( f t,g f t)+d( f f t,gt)

2
}))

≥ F(ψ(min
0
{d( f t, f f t),0,kd( f f t, f t}),ϕ(min

0
{d( f t, f f t),0,kd( f f t, f t}))

≥ F(ψ(min{d( f t, f f t),kd( f f t, f t}),ϕ(min{d( f t, f f t),kd( f f t, f t}))

≥ F(ψ(d( f t, f f t)),ϕ(d( f t, f f t))≥ ψ(d( f t, f f t))

With same arguments used above, we have

ψ(d( f f t, f t) = 0 or ϕ(d( f f t, f t) = 0

Implies

f f t = f t or f f t = g f t = f t.

Hence f t is common fixed point of f and g.

Now, suppose that we have

lim f gxn = gt.
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Since f and g are f−compatible of type (E), this yields,

lim f f xn = lim f gxn = gt.

Also f and g are R−weakly commuting type of A f , implies

d( f gxn,ggxn)≤ Rd( f xn,gxn).

Now, apply limit n→ ∞ , then we have

limggxn = gt.

From condition (b), we have

ψ(d( f xn, f gxn)) ≥ F(ψ(min
0
{d(gxn,ggxn),d( f xn,gxn),d( f gxn,ggxn)}),

ϕ(min
0
{d(gxn,ggxn),d( f xn,gxn),d( f gxn,ggxn)})).

Now, apply limit n→ ∞, then the above inequality becomes

ψ(d(t,gt)) ≥ F(ψ(min
0
{d(t,gt),d(t, t),d(gt,gt)}),

ϕ(min
0
{d(t,gt),d(t, t),d(gt,gt)}))

= F(ψ(d(t,gt)),ϕ(d(t,gt))≥ ψ(d(t,gt)).

Implies, either

ψ(d(t,gt) = 0 or ϕ(d(t,gt) = 0,

which further implies that

gt = t.

Now from (b), we have

ψ(d( f t, f gxn))

≥ F(ψ(min
0
{d(gt,ggxn),k

d( f t,gt)+d( f gxn,ggxn)

2
,k

d( f t,ggxn)+d( f gxn,gt)
2

}),

ϕ(min
0
{d(gt,ggxn),k

d( f t,gt)+d( f gxn,ggxn)

2
,k

d( f t,ggxn)+d( f gxn,gt)
2

})).
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take limit n→ ∞, then above inequality becomes

ψ(d( f t,gt)) ≥ F(ψ(min
0
{d(gt,gt),k

d( f t,gt)+d(gt,gt)
2

,k
d( f t,gt)+d(gt,gt)

2
}),

ϕ(min
0
{d(gt,gt),k

d( f t,gt)+d(gt,gt)
2

,k
d( f t,gt)+d(gt,gt)

2
})).

≥ F(ψ(min
0
{0,kd( f t,gt)

2
,k

d( f t,gt)
2

}),ϕ(min
0
{0,kd( f t,gt)

2
,k

d( f t,gt)
2

}))

≥ F(ψ(min{kd( f t,gt)
2

,k
d( f t,gt)

2
}),ϕ(min{kd( f t,gt)

2
,k

d( f t,gt)
2

}))

≥ F(ψ(k
d( f t,gt)

2
),ϕ(k

d( f t,gt)
2

))(9)

Since ψ(k
d( f t,gt)

2
)≥ ψ(d( f t,gt)). By 9 it yields

ψ(k
d( f t,gt)

2
)≥ F(ψ(k

d( f t,gt)
2

),ϕ(k
d( f t,gt)

2
))≥ ψ(k

d( f t,gt)
2

)

Then either

ψ(k
d( f t,gt)

2
) = 0 or ϕ(k

d( f t,gt)
2

)) = 0,

yields f t = gt. Now by preceeding work it can be easily shown that f t is common fixed point

of f and g.

Now, we consider the second possibility as:

Case 2- Let f and g are g-compatible of type (E). Since f and g are weak semi compatible,

this yields either

lim f gxn = gt or limg f xn = f t.

First we take

limg f xn = f t.

Since f and g are g-compatible of type (E), yields

limggxn = limg f xn = f t.

Also f and g are R−weakly commuting type of A f , implies

d( f gxn,ggxn)≤ Rd( f xn,gxn).

Now, apply limit n→ ∞, We have

lim f gxn = f t.
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From the condition (b), we have

ψ(d( f gxn, f xn))

≥ F(ψ(min
0
{d(ggxn,gxn),k

d( f gxn,ggxn)+d( f xn,gxn)

2
,k

d( f gxn,gxn)+d( f xn,ggxn)

2
}),

ϕ(min
0
{d(ggxn,gxn),k

d( f gxn,ggxn)+d( f xn,gxn)

2
,k

d( f gxn,gxn)+d( f xn,ggxn)

2
})).

Now, apply limit n→ ∞ we have

ψ(d( f t, t)) ≥ F(ψ(min
0
{d( f t, t),k

d( f t, f t)+d(t, t)
2

,k
d( f t, t)+d(t, f t)

2
}),

ϕ(min
0
{d( f t, t),k

d( f t, f t)+d(t, t)
2

,k
d( f t, t)+d(t, f t)

2
})),

≥ F(ψ(min
0
{d( f t, t),0,kd( f t, t)}),ϕ(min

0
{d( f t, t),0,kd( f t, t)})),

≥ F(ψ(min{d( f t, t),kd( f t, t)}),ϕ(min{d( f t, t),kd( f t, t)})),

≥ F(ψ(d( f t, t)),ϕ(d( f t, t))≥ ψ(d( f t, t)).

This implies either

ψ(d( f t, t)) = 0 or ϕ(d( f t, t)) = 0,

this yields

f t = t.

Since f (X)⊆ g(X) then there exist a point u ∈ X such that f t = gu. Now by (b), we have

ψ(d( f gxn, f u))

≥ F(ψ(min
0
{d(ggxn,gu),k

d( f gxn,ggxn)+d( f u,gu)
2

,k
d( f gxn,gu)+d( f u,ggxn)

2
}),

ϕ(min
0
{d(ggxn,gu),k

d( f gxn,ggxn)+d( f u,gu)
2

,k
d( f gxn,gu)+d( f u,ggxn)

2
})).
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Now limiting n→ ∞ yields

ψ(d( f t, f u)) ≥ F(ψ(min
0
{d( f t,gu),k

d( f t, f t)+d( f u,gu)
2

,k
d( f t,gu)+d( f u, f t)

2
}),

ϕ(min
0
{d( f t,gu),k

d( f t, f t)+d( f u,gu)
2

,k
d( f t,gu)+d( f u, f t)

2
}))

ψ(d(t, f u)) ≥ F(ψ(min
0
{0,kd( f u, t)

2
,k

d( f u, t)
2
}),ϕ(min

0
{0,kd( f u, t)

2
,k

d( f u, t)
2
}))

≥ F(ψ(k
d( f u, t)

2
),ϕ(k

d( f u, t)
2

))(10)

Since ψ(k
d( f u, t)

2
)≥ ψ(d( f u, t)) as k ≥ 2. Then 10 implies

ψ(k
d( f u, t)

2
)≥ F(ψ(k

d( f u, t)
2

),ϕ(k
d( f u, t)

2
))≥ ψ(k

d( f u, t)
2

)

This implies ψ(k
d( f u, t)

2
) = 0 or ϕ(k

d( f u, t)
2

) = 0. This implies f u = t. Hence f u = gu. Now,

by preceeeding work it can be easily shown that f u is common fixed point f and g .

Now, we take

lim f gxn = gt.

Since f and g are g-compatible of type (E), this yields

limggxn = limg f xn = f t.

Now from (b), we have

ψ(d( f gxn, f t))

≥ F(ψ(min
0
{d(ggxn,gt),k

d( f gxn,ggxn)+d( f t,gt)
2

,k
d( f gxn,gt)+d( f t,ggxn)

2
}),

ϕ(min
0
{d(ggxn,gt),k

d( f gxn,ggxn)+d( f t,gt)
2

,k
d( f gxn,gt)+d( f t,ggxn)

2
})).
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Apply limit n→ ∞ on both side of above inequality, we have

ψ(d(gt, f t)) ≥ F(ψ(min
0
{d( f t,gt),k

d(gt, f t)+d( f t,gt)
2

,k
d(gt,gt)+d( f t, f t)

2
}),

ϕ(min
0
{d( f t,gt),k

d(gt, f t)+d( f t,gt)
2

,k
d(gt,gt)+d( f t, f t)

2
}),

≥ F(ψ(min
0
{d( f t,gt),kd(gt, f t),0}),ϕ(min

0
{d( f t,gt),kd(gt, f t),0}))

≥ F(ψ(min{d( f t,gt),kd(gt, f t)}),ϕ(min{d( f t,gt),kd(gt, f t)}))

≥ F(ψ(d( f t,gt)),ϕ(d( f t,gt)))≥ ψ(d( f t,gt)).

This implies, either

ψ(d(gt, f t)) or ϕ(d(gt, f t)) = 0,

hence, we have

f t = gt.

Now by preceeding work it can be easily shown that f t is a common fixed point of f and g. �
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