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Abstract. In this paper, strong convergence theorems by general approximation methods for nonexpansive multi-

valued mappings and variational inequality problems are established under some suitable conditions in real Banach

spaces. The methods in the paper are novel and different from those in early and recent literature. The results ob-

tained in this paper are significant improvement on important recent results .
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1. INTRODUCTION

Let (X ,d) be a metric space, K be a nonempty subset of X and T : K → 2K be a multivalued

mapping. An element x ∈ K is called a fixed point of T if x ∈ T x. For single valued mapping,

this reduces to T x = x. The fixed point set of T is denoted by F(T ) := {x ∈ D(T ) : x ∈ T x}.

For several years, the study of fixed point theory for multivalued nonlinear mappings has at-

tracted, and continues to attract, the interest of several well known mathematicians (see, for
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example, Brouwer [4], Kakutani [20], Nash [16, 17], Geanakoplos [21], Nadla [15], Downing

and Kirk [11]).

Interest in the study of fixed point theory for multivalued nonlinear mappings stems, perhaps,

mainly from its usefulness in real-world applications such as Game Theory and Non-Smooth

Differential Equations.

Game Theory. Nash showed the existence of equilibria for non-cooperative static games as a

direct consequence of multivalued Brouwer or Kakutani fixed point theorem. More precisely,

under some regularity conditions, given a game, there always exists a multi-valued mapping

whose fixed points coincide with the equilibrium points of the game. This, among other things,

made Nash a recipient of Nobel Prize in Economic Sciences in 1994. However, it has been

remarked that the applications of this theory to equilibrium are mostly static: they enhance

understanding conditions under which equilibrium may be achieved but do not indicate how

to construct a process starting from a non-equilibrium point and convergent to equilibrium

solution. This is part of the problem that is being addressed by iterative methods for fixed

point of multi-valued mappings. Consider a game G = (un,Kn) with N players denoted by n,

n = 1, · · · ,N, where Kn ⊂ Rmn is the set of possible strategies of the n’th player and is assumed

to be nonempty, compact and convex and un : K := K1×K2 · · ·×KN → R is the payoff (or gain

function) of the player n and is assumed to be continuous. The player n can take individual ac-

tions, represented by a vector σn ∈ Kn. All players together can take a collective action, which

is a combined vector σ = (σ1,σ2, · · · ,σN). For each n, σ ∈ K and zn ∈ Kn, we will use the

following standard notations:

K−n := K1×·· ·×Kn−1×Kn+1×·· ·×KN ,

σ−n := (σ1, · · · ,σn−1,σn+1, · · · ,σN),

(zn,σ−n) := (σ1, · · · ,σn−1,zn,σn+1, · · · ,σN).
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A strategy σ̄n ∈ Kn permits the n’th player to maximize his gain under the condition that the

remaining players have chosen their strategies σ−n if and only if

un(σ̄n,σ−n) = max
zn∈Kn

un(zn,σ−n).

Now, let Tn : K−n→ 2Kn be the multivalued map defined by

Tn(σ−n) := Arg max
zn∈Kn

un(zn,σ−n) ∀σ−n ∈ K−n.

Definition. A collective action σ̄ = (σ̄1, · · · , σ̄N) ∈ K is called a Nash equilibrium point if, for

each n, σ̄n is the best response for the n’th player to the action σ̄−n made by the remaining

players. That is, for each n,

(1) un(σ̄) = max
zn∈Kn

un(zn, σ̄−n)

or equivalently,

(2) σ̄n ∈ Tn(σ̄−n).

This is equivalent to σ̄ is a fixed point of the multivalued map T : K→ 2K defined by

T (σ) := [T1(σ−1),T2(σ−2), · · · ,TN(σ−N)].

From the point of view of social recognition, game theory is perhaps the most successful area

of application of fixed point theory of multivalued mappings. However, it has been remarked

that the applications of this theory to equilibrium are mostly static: they enhance understanding

conditions under which equilibrium may be achieved but do not indicate how to construct a

process starting from a non-equilibrium point and convergent to equilibrium solution. This is

part of the problem that is being addressed by iterative methods for fixed point of multivalued

mappings.

Let D be a nonempty subset of a normed space E. The set D is called proximinal (see, e.g.,

[19]) if for each x ∈ E, there exists u ∈ D such that

d(x,u) = inf{‖x− y‖ : y ∈ D}= d(x,D),
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where d(x,y) = ‖x− y‖ for all x,y ∈ E. Every nonempty, closed and convex subset of a real

Hilbert space is proximinal. Let CB(D), K(D) and P(D) denote the family of nonempty closed

bounded subsets, nonempty compact subsets, and nonempty proximinal bounded subsets of D

respectively. The Hausdorff metric on CB(K) is defined by:

H(A,B) = max
{

sup
a∈A

d(a,B),sup
b∈B

d(b,A)
}

for all A,B ∈CB(K). A multi-valued mapping T : D(T )⊆ E→CB(E) is called L- Lipschitzian

if there exists L > 0 such that

(3) H(T x,Ty)≤ L‖x− y‖ ∀x,y ∈ D(T ).

When L ∈ (0,1), we say that T is a contraction, and T is called nonexpansive if L = 1.

Existence theorems for fixed point of multi-valued contractions and nonexpansive mappings us-

ing the Hausdorff metric have been proved by several authors (see, e.g., Nadler [15], Lim [18]).

Later, an interesting and rich fixed point theory for such maps and more general maps was de-

veloped which has applications in control theory, convex optimization, differential inclusion,

and economics (see, Gorniewicz [21] and references cited therein).

Let H be a real Hilbert space with inner product 〈·, ·〉H and norm ‖ ·‖H . An operator A : H→H

is said to be strongly positive bounded if there exists a constant c > 0 such that

〈Ax,x〉H ≥ c‖x‖2 ∀ x ∈ H.

An operator A : H→ H is called monotone if

〈Ax−Ay,x− y〉H ≥ 0 ∀ x,y ∈ H,

A is called k-strongly monotone if there exists k ∈ (0,1) such that for each x,y ∈ H such that

〈Ax−Ay,x− y〉H ≥ k‖x− y‖2.

Remark 1. From the definion of A, we note that strongly positive bounded linear operator A is

a ‖A‖-Lipschitzian and c- strongly monotone operator.
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Let C be a nonempty closed and convex subset of real Hilbert space H, and F : C→ H be a

nonlinear map. Then, a variational inequality problem with respect to C and F is to find x∗ ∈C

such that

〈Fx∗, p− x∗
〉
≥ 0, ∀p ∈C.

Applications of variational inequality problems span as diverse disciplines as differential equa-

tions, time-optimal control, optimization, mathematical programming, mechanics, finance and

so on (see, for example, [13] for more details).

Iterative methods for nonexpansive mappings have recently been applied to solve convex mini-

mization problems and variational inequality problem; see, e.g., [10, 27, 29] and the references

therein. A typical problem is to minimize a quadratic function over the set of the fixed points

of a nonexpansive mapping on a real Hilbert space H:

(4) min
x∈F(T )

1
2
〈Ax,x〉−〈b,x〉

In [27], Xu proved that the sequence {xn} defined by iterative method below with initial guess

x0 ∈ H chosen arbitrary:

(5) xn+1 = αnb+(I−αnA)T xn n≥ 0.

converges strongly to the unique solution of the minimization problem (4), where T is a non-

expansive mappings in H and A a strongly positive bounded linear operator. On other hand,

Marino and Xu [5] considered an iterative method for a nonexpansive mapping. Let f be a

contraction on H and A : H → H be a strongly positive bounded linear operator. The sequence

{xn} defined by iterative method below with initial guess x0 ∈ H chosen arbitrary:

(6) xn+1 = αnγ f (xn)+(I−αnA)T xn n≥ 0.

converges strongly to the fixed point of T, which is a unique solution of the following variational

inequality

〈Ax∗− γ f (x∗),x∗− p〉 ≤ 0 ∀p ∈ F(T ).

Question 1: Can results of Marino and Xu [5], Xu [27] be extend from single-valued nonex-

pansive mappings to multivalued nonexpansive mappings?

Question 2: Can results of Marino and Xu [5], Xu [27] be extend from Hilber spaces



6 T.M.M. SOW

to real Banach spaces ?

Question 3: We know that nonexpansive mapping is more general than contraction. What hap-

pen if the contraction is replaced by nonexpansive mapping ?

Question 4: We know that k- strongly accretive operators and L-Lipchizian operators is more

general than strongly positive bounded operators. What happen if the strongly positive bounded

linear operators is replaced by k- strongly accretive operators and L-Lipchizian operators ?

The purpose of this paper is to give affirmative answers to these questions mentioned above.

Motivated by Marino and Xu [5], we construct an iterative algorithm and prove strong conver-

gence theorems for approximating fixed points of mutivalued nonexpansive mappings which is

also the solution of some variational inequality problems in real Banach spaces having weakly

continuous duality maps. No compactness assumption is made. The algorithm and results pre-

sented in this paper improve and extend some recents results. Finally, our method of proof is of

independent interest.

2. PRELIMINARIES

Let E be a real Banach space with norm ‖· ‖ and dual E∗. For any x ∈ E and x∗ ∈ E∗, 〈x∗,x〉 is

used to refer to x∗(x). Let ϕ : [0,+∞)→ [0,∞) be a stricly increasing continuous function such

that ϕ(0) = 0 and ϕ(t)→+∞ as t→∞. Such a function ϕ is called gauge. Associed to a gauge

a duality map Jϕ : E→ 2E∗ defined by:

(7) Jϕ(x) := {x∗ ∈ E∗ : 〈x,x∗〉= ||x||ϕ(||x||), ||x∗||= ϕ(||x||)},x ∈ E.

If the gauge is defined by ϕ(t) = t, then the corresponding duality map is called the normalized

duality map and is denoted by J. Hence the normalized duality map is given by

J(x) := {x∗ ∈ E∗ : 〈x,x∗〉= ||x||2 = ||x∗||2 =}, ∀x ∈ E.

Notice that

Jϕ(x) =
ϕ(||x||)
||x||

J(x),x 6= 0.
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A normed linear space E is said to be strictly convex if the following holds:

‖x‖= ‖y‖= 1, x 6= y ⇒
∥∥∥x+ y

2

∥∥∥< 1.

The modulus of convexity of E is the function δ E : (0,2]→ [0,1] defined by:

δ E(ε) := inf
{

1− 1
2
‖x+ y‖ : ‖x‖= ‖y‖= 1, ‖x− y‖ ≥ ε

}
.

E is uniformly convex if and only if δ E(ε) > 0 for every ε ∈ (0,2]. For p > 1, E is said to be

p-uniformly convex if there exists a constant c > 0 such that δ E(ε)≥ cε p for all ε ∈ (0,2].

Let E be a real normed space and let S := {x ∈ E : ‖x‖= 1}. E is said to be smooth if the limit

lim
t→0+

‖x+ ty‖−‖x‖
t

exists for each x,y ∈ S. E is said to be uniformly smooth if it is smooth and the limit is attained

uniformly for each x,y ∈ S.

Let E be a real normed linear space of dimension ≥ 2. The modulus of smoothness of E , ρE , is

defined by:

ρE(τ) := sup
{
‖x+ y‖+‖x− y‖

2
−1 : ‖x‖= 1,‖y‖= τ

}
; τ > 0.

It is known that a normed linear space E is uniformly smooth if

lim
τ→0

ρE(τ)

τ
= 0.

If there exists a constant c > 0 and a real number q > 1 such that ρE(τ) ≤ cτq, then E is said

to be q-uniformly smooth. Typical examples of such spaces are the Lp, `p and W m
p spaces for

1 < p < ∞ where,

Lp (or lp) or W m
p is

 2−uniformly smooth and p−uniformly convex if 2≤ p < ∞;

2−uniformly convex and p−uniformly smooth if 1 < p < 2.

Let Jq denote the generalized duality mapping from E to 2E∗ defined by

Jq(x) :=
{

f ∈ E∗ : 〈x, f 〉= ‖x‖q and ‖ f‖= ‖x‖q−1}
where 〈., .〉 denotes the generalized duality pairing. J2 is called the normalized duality mapping

and is denoted by J.
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It is known that E is smooth if only if each duality map Jϕ is single-valued, that E is Frechet

differentiable if and only if each duality map Jϕ is norm-to-norm continuous in E, and that E is

uniformly smooth if and only if each duality map Jϕ is norm-to-norm uniformly continuous on

bounded subsets of E.

Following Browder [6], we say that a Banach space has a weakly continuous duality map if

there exists a gauge ϕ such that Jϕ is a single-valued and is weak-to-weak∗ sequentially con-

tinous, i.e., if (xn) ⊂ E, xn
w−→ x, then Jϕ(xn)

w∗−→ Jϕ(x). It is know that lp (1 < p < ∞) has a

weakly continuous duality map with gauge ϕ(t) = t p−1. (see [9] fore more detais on duality

maps).

Remark 2. Note also that a duality mapping exists in each Banach space. We recall from [1]

some of the examples of this mapping in lp,Lp,W m,p-spaces, 1 < p < ∞.

(i) lp : Jx= ‖x‖2−p
lp

y∈ lq, x=(x1,x2, · · · ,xn, · · ·), y=(x1|x1|p−2,x2|x2|p−2, · · · ,xn|xn|p−2, · · ·),

(ii) Lp : Ju = ‖u‖2−p
Lp
|u|p−2u ∈ Lq,

(iii) W m,p : Ju = ‖u‖2−p
W m,p ∑|α≤m|(−1)|α|Dα

(
|Dαu|p−2Dαu

)
∈W−m,q,

where 1 < q < ∞ is such that 1/p+1/q = 1.

Finally recall that a Banach space E satisfies Opial property (see, e.g., [22]) if limsup
n→+∞

‖xn−x‖<

limsup
n→+∞

‖xn−y‖whenever xn
w−→ x, x 6= y. A Banach space E that has a weakly continuous duality

map satisfies Opial’s property.

Given a gauge ϕ and E be a smooth real Banach space. A map A : E→ E is called accretive if

for each x,y ∈ E

〈
Ax−Ay,Jϕ(x− y)

〉
≥ 0.
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A is called k- strongly accretive if there exists k ∈ (0,1) such that for each x,y ∈ E

(8) 〈Ax−Ay,Jϕ(x− y)〉 ≥ kϕ(||x− y||)||x− y||.

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces,

strongly monotonicity and strongly accretivity coincide.

Remark 3. If ϕ(t) = tq−1, q > 1, inequality (8) becomes

〈Ax−Ay,Jq(x− y)〉 ≥ k‖x− y‖q.

Definition 1. Let E be real Banach space and T : D(T ) ⊂ E → 2E be a multivalued mapping.

I−T is said to be demiclosed at 0 if for any sequence {xn} ⊂ D(T ) such that {xn} converges

weakly to p and d(xn,T xn) converges to zero, then p ∈ T p.

Lemma 1 (Demi-closedness Principle, [24]). Let E be a uniformly convex Banach space satis-

fying the Opial condition, K be a nonempty closed and convex subset of E. Let T : K→CB(K)

be a multivalued nonexpansive mapping with convex-values. Then I−T is demi-closed at zero.

Lemma 2 ([18]). Let E be a real Banach spaces. Then, the following inequality holds

Φ(‖x+ y‖)≤Φ(‖x‖)+ 〈y,Jϕ(x+ y)〉

for all x,y ∈ E.

In particular, for all x,y ∈ E,

‖x+ y‖2 ≤ ‖x‖2 +2〈y,J(x+ y)〉.

Theorem 3. [7] Let q > 1 be a fixed real number and E be a smooth Banach space. Then the

following statements are equivalent:

(i) E is q-uniformly smooth.

(ii) There is a constant dq > 0 such that for all x,y ∈ E

‖x+ y‖q ≤ ‖x‖q +q〈y , Jq(x)〉+dq‖y‖q.
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(iii) There is a constant c1 > 0 such that

〈x− y , Jq(x)− Jq(y)〉 ≤ c1‖x− y‖q ∀ x,y ∈ E.

Lemma 4 (Xu, [28]). Assume that {an} is a sequence of nonnegative real numbers such that

an+1≤ (1−αn)an+σn for all n≥ 0, where {αn} is a sequence in (0,1) and {σn} is a sequence

in R such that

(a)
∞

∑
n=0

αn = ∞, (b) limsup
n→∞

σn

αn
≤ 0 or

∞

∑
n=0
|σn|< ∞. Then lim

n→∞
an = 0.

Lemma 5 (Chidume et al. [8]). Let X be a reflexive real Banach space and let A ,B ∈CB(X).

Assume that B is weakly closed. Then, for every a ∈ A, there exists b ∈ B such that

‖a−b‖ ≤ H(A,B).

Definition 2. A function f : E → R is said to be strongly convex if there exists α > 0 such that

for every x,y ∈ E with x 6= y and λ ∈ (0,1), the following inequality holds:

(9) f (λx+(1−λ )y)≤ λ f (x)+(1−λ ) f (y)−α‖x− y‖2.

Lemma 6. Let E be normed linear space and f : E → R a real-valued differentiable convex

function. Assume that f is strongly convex. Then the differential map ∇ f : E → E∗ is strongly

monotone, i.e., there exists a positive constant k such that

(10) 〈∇ f (x)−∇ f (y),x− y〉 ≥ k‖x− y‖2 ∀x,y ∈ E.

Lemma 7. [25] Let C and D be nonempty subsets of a smooth real Banach space E with D⊂C

and QD : C→ D a retraction from C into D. Then QD is sunny and nonexpansive if and only if

(11) 〈z−QDz,J(y−QDz)〉 ≤ 0

for all z ∈C and y ∈ D.

It is noted that Lemma 7 still holds if the normalized duality map is replaced by the general

duality map Jϕ , where ϕ is gauge function.
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Remark 4. If K is a nonempty closed convex subset of a Hilbert space H, then the nearest point

projection PK from H to K is the sunny nonexpansive retraction.

Lemma 8. [26] Let be a real Hilbert space H. Let A : H → H be a k-strongly monotone and

L-Lipschitzian operator with k > 0, L > 0. Assume that 0 < η <
2k
L2 and τ = η

(
k− L2η

2

)
.

Then for each t ∈
(

0,min{1, 1
τ
}
)
, we have

‖(I− tηA)x− (I− tηA)y‖ ≤ (1− tτ)‖x− y‖ x,y ∈ H.

Lemma 9. Let q > 1 be a fixed real number and E be a q-uniformly smooth real Banach space

with constant dq. Let A : E → E be a k-strongly accretive and L-Lipschitzian operator with

k > 0, L > 0. Assume that 0 < η <
( kq

dqLq

) 1
q−1

and τ = η

(
k−

dqLqηq−1

q

)
. Then for each

t ∈
(

0,min{1, 1
τ
}
)
, we have

‖(I− tηA)x− (I− tηA)y‖ ≤ (1− tτ)‖x− y‖ x,y ∈ E.

Proof. Using (ii) of Theorem 3 and properties of A, we have

‖(I− tηA)x− (I− tηA)y‖q ≤ ‖x− y‖q +q〈tηAy− tηAx , Jq(x− y)〉+dq‖tηAx− tηAy‖q

≤ ‖x− y‖q−qtη〈Ax−Ay , Jq(x− y)〉+dq(tη)q‖Ax−Ay‖q

≤ ‖x− y‖q−qtkη‖x− y‖q +dq(Ltη)q‖x− y‖q

≤
(

1−qtkη +dqLqtq
η

q
)
‖x− y‖q.

Therefore

(12) ‖(I− tηA)x− (I− tηA)y‖ ≤
(

1−qtkη +dqLqtq
η

q
) 1

q‖x− y‖.

Using definition of η , inequality (12) and inequality (1+x)s≤ 1+sx, for x >−1 and 0 < s < 1,

we have

‖(I− tηA)x− (I− tηA)y‖ ≤
(

1− tkη +
dqLqtqηq

q

)
‖x− y‖

≤
(

1− tη(k−
dqLqηq−1

q

)
‖x− y‖

≤ (1− tτ)‖x− y‖,
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etablishing the lemma. �

Remark 5. Lemma 9 is one generalization of Lemma 8.

3. MAIN RESULTS

In what follows, we use the following iteration scheme: let E be a q-uniformly smooth real

Banach space and uniformly convex real Banach space and T : E → CB(E) be a multivalued

nonexpansive mapping with convex-values and f be a nonexpansive mapping on E.

Let {xn} be a sequence defined iteratively from arbitrary x0 ∈ E by:

(13) xn+1 = αnγ f (xn)+(I−αnηA)yn, n≥ 0,

(14) ‖yn− yn−1‖ ≤ H(T xn,T xn−1) ∀n≥ 1,

where yn ∈ T xn and {αn} is real sequence in (0,1) satisfying:

(i) lim
n→∞

αn = 0;

(ii)
∞

∑
n=1
|αn−αn−1|< ∞ and

∞

∑
n=0

αn = ∞.

Remark 6. From yn−1, the existence of yn in (13) satisfying (14) is garanted by Lemma 5.

We now prove the following theorem.

Theorem 10. Let q > 1 be a fixed real number and E be a q-uniformly smooth and uniformly

convex real Banach space having a weakly continuous duality map. Let T : E → CB(E) be a

multivalued nonexpansive mapping with convex-values and f be a nonexpansive mapping on E

such that = F(T ) 6= /0 and T p = {p} for all p ∈ F(T ). Let A : E→ E be a k-strongly accretive

and L-Lipschitzian operator with k > 0, L> 0. Assume that 0<η <
( kq

dqLq

) 1
q−1

and 0< γ < τ,

where τ = η

(
k−

dqLqηq−1

q

)
.
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Then, the sequence {xn} defined by (13) and (14) converges strongly to a fixed point x∗ of T,

which solves the following variational inequality

(15) 〈ηAx∗− γ f (x∗),Jϕ(x∗− p)〉 ≤ 0 ∀p ∈ F(T ).

Proof. We first show that the uniqueness of the solution of the variational inequality (15). Sup-

pose both x∗ ∈ F(T ) and x∗∗ ∈ F(T ) are solutions to (15), then

(16) 〈ηAx∗− γ f (x∗),Jϕ(x∗− x∗∗)〉 ≤ 0

and

(17) 〈ηAx∗∗− γ f (x∗∗),Jϕ(x∗∗− x∗)〉 ≤ 0

Adding up (16) and (17) yields

(18) 〈ηAx∗∗−ηAx∗+ γ f (x∗)− γ f (x∗∗),Jϕ(x∗∗− x∗)〉 ≤ 0.

dqLqηq−1

q
> 0 ⇐⇒ k−

dqLqηq−1

q
< k

⇐⇒ η

(
k−

dqLqηq−1

q

)
< kη

⇐⇒ τ < kη .

It follows that

0 < γ < τ < kη .

Noticing that

〈ηAx∗∗−ηAx∗+ γ f (x∗)− γ f (x∗∗),Jϕ(x∗∗− x∗)〉 ≥ (kη− γ)‖x∗− x∗∗‖ϕ(‖x∗− x∗∗‖),

which implies that x∗ = x∗∗ and the uniqueness is proved. Below we use x∗ to denote the unique

solution of (15).
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Without loss of generality, we can assume αn ∈
(

0,min{1, 1
τ
}
)
. We prove that the sequence

{xn} is bounded. Let p ∈ F(T ). From (13) and the fact T p = {p}, we have

‖xn+1− p‖ = ‖αnγ f (xn)+(I−αnηA)yn− p‖

≤ αnγ‖xn− p‖+αn‖ηAp− γ f (p)‖+(1−αnτ)‖yn− p‖

≤ αnγ‖xn− p‖+αn‖ηAp− γ f (p)‖+(1−αnτ)H(T xn,T p)

= [1− (τ− γ)αn]‖xn− p‖+αn‖ηAp− γ f (p)‖ ≤max{‖xn− p‖, 1
τ− γ

‖ηAp− γ f (p)‖}

By induction, it is easy to see that

‖xn+1− p‖ ≤max{‖x0− p‖, 1
τ− γ

‖ηAp− γ f (p)‖}, n≥ 1.

Hence, {xn}, f (xn) and {yn} are bounded.

From (13) and (14), it follows that

‖xn+1− xn‖ = ‖αnγ f (xn)+(I−αnηA)yn−αn−1γ f (xn−1)− (I−αn−1η)Ayn−1‖

= ‖αn
(
γ f (xn)− γ f (xn−1)

)
+(αn−αn−1)γ f (xn−1)

+(I−αnηA)(yn− yn−1)+(αn−1−αn)ηAyn−1‖

≤ αnγ‖xn− xn−1‖+(1−αnτ)‖yn− yn−1‖+ |αn−αn−1|‖γ f (xn−1)+ηAyn−1‖

≤ αnγ‖xn− xn−1‖+(1−αnτ)H(T xn,T xn−1)+ |αn−αn−1|‖γ f (xn−1)+ηAyn−1‖.

Hence,

(19) ‖xn+1− xn‖ ≤ [1− (τ− γ)αn]‖xn− xn−1‖+ |αn−αn−1|M1,

where M1 > 0 is such that supn{‖γ f (xn−1)‖+‖ηAyn−1‖} ≤M1. Hence, from (19) and Lemma

4, we deduce

lim
n→+∞

‖xn+1− xn‖= 0.

At the same time, we note that

‖xn+1− yn‖= αn‖γ f (xn)−ηAyn‖→ 0.
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Therefore, we have

lim
n→+∞

‖xn− yn‖= 0.

Hence

(20) d(xn,T xn) = 0, n→ ∞.

Let t0 be a fixed real number such that t0 ∈
(

0,min{1 ,
1
τ
}
)
. We observe that QF(T )(I+(t0γ f −

t0ηA)) is a contraction, where QF(T ) is the sunny nonexpansive retraction from E to F(T ).

Indeed, for all x,y ∈ E, by Lemma 9, we have

‖QF(T )(I +(t0γ f − t0ηA))x−QF(T )(I +(t0γ f − t0ηA))y‖

≤ ‖(I +(t0γ f − t0ηA))x− (I +(t0γ f − t0ηA))y‖

≤ t0γ‖ f (x)− f (y)‖+‖(I− t0ηA)x− (I− t0ηA)y‖

≤ (1− t0(τ− γ))‖x− y‖.

Banach’s Contraction Mapping Principle guarantees that QF(T )(I+(t0γ f − t0ηA)) has a unique

fixed point, say x1 ∈ E. That is, x1 = QF(T )(I+(t0γ f − t0ηA))x1. Thus, in view of Lemma 7, it

is equivalent to the following variational inequality problem

〈ηAx1− γ f (x1),Jϕ(x1− p)〉 ≤ 0 ∀ p ∈ F(T ).

By the uniqueness of the solution of (15), we have x1 = x∗.

Next, we prove that

limsup
n→+∞

〈ηAx∗− γ f (x∗),Jϕ(x∗− xn)〉 ≤ 0.

Since E is reflexive and {xn} is bounded, there exists a subsequence {xnk} of {xn} such that xnk

converges weakly to a in E and

limsup
n→+∞

〈ηAx∗− γ f (x∗),Jϕ(x∗− xn)〉= lim
k→+∞

〈ηAx∗− γ f (x∗),Jϕ(x∗− xnk)〉.

From (20) and Lemma 1, we obtain a ∈ F(T ). On other hand, the assumption that the duality

mappiing Jϕ is weakly continuous and (15), we then have

limsup
n→+∞

〈ηAx∗− γ f (x∗),Jϕ(x∗− xn)〉 = lim
k→+∞

〈ηAx∗− γ f (x∗),Jϕ(x∗− xnk)〉

= 〈ηAx∗− γ f (x∗),Jϕ(x∗−a)〉 ≤ 0.
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Finally, we show that xn → x∗. In fact, since Φ(t) =
∫ t

0 ϕ(σ)dσ , ∀t ≥ 0, and ϕ is a gauge

function, then for 1≥ k ≥ 0, Φ(kt)≤ kΦ(t). From (13) and Lemma 2, we get that

Φ(‖xn+1− x∗‖) = Φ(‖αnγ f (xn)+(I−αnηA)yn− x∗‖)

≤ Φ(‖αn(γ f (xn)− γ f (x∗)+(I−αnηA)(yn− x∗)‖)+αn〈ηAx∗− γ f (x∗),Jϕ(x∗− xn+1)〉

≤ Φ(αn‖γ f (xn)− γ f (x∗)‖+(1−αnτ)‖yn− x∗‖)+αn〈ηAx∗− γ f (x∗),Jϕ(x∗− xn+1)〉

≤ Φ(αnγ‖xn− x∗‖+(1−αnτ)‖xn− x∗‖)+αn〈ηAx∗− γ f (x∗),Jϕ(x∗− xn+1)〉

≤ Φ([1− (τ− γ)αn]‖xn− x∗‖)+αn〈ηAx∗− γ f (x∗),Jϕ(x∗− xn+1)〉

≤ [1− (τ− γ)αn]Φ(‖xn− x∗‖)+αn〈ηAx∗− γ f (x∗),Jϕ(x∗− xn+1)〉

From Lemma 4, its follows that xn→ x∗. This completes the proof. �

Corollary 11. Let H be a real Hilbert space. Let T : H→CB(H) be a multivalued nonexpan-

sive mapping with convex-values and f be a nonexpansive mapping on H such that F(T ) 6= /0

and T p = {p} for all p ∈ F(T ). Let A : H → H be a k-strongly monotone and L-Lipschitzian

operator with k > 0, L > 0. Assume that 0 < η <
2k
L2 and 0 < γ < τ, where τ = η

(
k− L2η

2

)
.

Then, the sequence {xn} defined by (13) and (14) converges strongly to a fixed point x∗ of T,

which solves the following variational inequality

(21) 〈ηAx∗− γ f (x∗),x∗− p〉 ≤ 0 ∀p ∈ F(T ).

Proof. Hilbert spaces are 2-uniformly smooth and uniforly convex, the proof follows from The-

orem 10. �

Corollary 12. Assume that E = lq, 1 < q < ∞. Let T : E → CB(E) be a multivalued nonex-

pansive mapping with convex-values and f be a self-contraction mapping on E. Let A : E→ E

be a k-strongly accretive and L-Lipschitzian operator with k > 0, L > 0. Assume that 0 <

η <
( kq

dqLq

) 1
q−1

and 0 < γ < τ, where τ = η

(
k−

dqLqηq−1

q

)
. Let {xn} be a sequence defined

iteratively from arbitrary x0 ∈ E by:

(22) xn+1 = αnγ f (xn)+(I−αnηA)yn, n≥ 0,

(23) ‖yn− yn−1‖ ≤ H(T xn,T xn−1) ∀n≥ 1,
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where yn ∈ T xn and {αn} is real sequence in (0,1) satisfying:

(i) lim
n→∞

αn = 0;

(ii)
∞

∑
n=1
|αn−αn−1|< ∞ and

∞

∑
n=0

αn = ∞.

Then, the sequence {xn} defined by (22) and (23) converges strongly to a fixed point

x∗ of T, which solves the following variational inequality

(24) 〈ηAx∗− γ f (x∗),Jϕ(x∗− p)〉 ≤ 0 ∀p ∈ F(T ).

Proof. Since E = lq, 1 < q < ∞ are q-uniformly smooth, uniformly convex and has a weakly

continuous duality map. Using the fact that contractions are nonexpansives mappings. The

proof follows from Theorem 10. �

Corollary 13. Let H be a real Hilbert space. Let T : H→CB(H) be a multivalued nonexpansive

mapping with convex-values and f be a nonexpansive mapping on H such that F(T ) 6= /0 and

T p = {p} for all p ∈ F(T ). Let A : H → H be a k-strongly positive bounded linear operator

with k > 0. Assume that 0 < η <
2k
‖A‖2 and 0 < γ < τ, where τ = η

(
k− ‖A‖

2η

2

)
.

Then the sequence {xn} defined by (13) and (14) converges strongly to a fixed point x∗ of T,

which solves the following variational inequality

(25) 〈ηAx∗− γ f (x∗),x∗− p〉 ≤ 0 ∀p ∈ F(T ).

Proof. By Remark 1, the proof follows from Theorem 10. �

Corollary 14. Let H be a real Hilbert space. Let T : H→CB(H) be a multivalued nonexpansive

mapping with convex-values and f be a nonexpansive mapping on H such that F(T ) 6= /0 and

T p = {p} for all p ∈ F(T ). Let g : H → R be a differentiable,strongly convex real-valued

function. Suppose the differential map ∇g : H→H is L-Lipschitz. Assume that 0 < η <
2k
L2 and

0 < γ < τ, where τ = η

(
k− L2η

2

)
.

Let {xn} be a sequence defined iteratively from arbitrary x0 ∈ H by:

(26) xn+1 = αnγ f (xn)+(I−αnη∇g)yn, n≥ 0,

(27) ‖yn− yn−1‖ ≤ H(T xn,T xn−1) ∀n≥ 1,
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where yn ∈ T xn and {αn} is real sequence in (0,1) satisfying:

(i) lim
n→∞

αn = 0;

(ii)
∞

∑
n=1
|αn−αn−1|< ∞ and

∞

∑
n=0

αn = ∞.

Then, the sequence defined by (26) and (27) converges strongly to a fixed point x∗ of T, which

solves the following variational inequality

(28) 〈η∇g(x∗)− γ f (x∗),x∗− p〉 ≤ 0 ∀p ∈ F.

Proof. From strong convexity and differentiablity of g, it follows that ∇g is k-strongly mono-

tone. Since ∇g Lipschitz. Therefore the follows from Theorem 10. �

We now give example of space E and mapping T satisfying the assumptions of Theorem 10.

Let E = lp, 1 < p < ∞, and T : E→CB(E) be the mapping defined by:

T x =


x if x 6= 0,

y ∈ E : 0 < ‖y‖lp ≤ 1 if x = 0.

It is well known (see, e.g., [9]) that E = lp, 1 < p < ∞, has weakly continuous duality map. The

map T is nonexpansive with convex values. Therefore, the spaces E and the map T satisfies all

the assumptions of Theorem 10.

Remark 7. Real sequences that satisfy conditions (i) and (ii) and re given by: αn =
1√
n
.

Remark 8. For numerous applications to approximate fixed points of nonexpansive mappings,

see the celebrated monograph of Berinde [2]. As remarked by Charles Byrne [3], most of the

maps that arise in image reconstruction and signal processing are nonexpansive in nature.
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