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Abstract. In this paper, we prove the existence and uniqueness of common fixed points for two pairs of selfmaps
satisfying a Fisher type weakly contractive condition in which one pair is compatible, b-continous and the another
one is weakly compatible in complete b-metric spaces. Further, we prove the same with different hypotheses on
two pairs of selfmaps which satisfy b-(E.A)-property. We draw some corollaries from our results and provide

examples in support of our results.
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1. INTRODUCTION AND PRELIMINARIES

The development of fixed point theory is based on the generalization of contraction conditions
in one direction or/and generalization of ambient spaces of the operator under consideration on
the other. Banach contraction principle plays an important role in solving nonlinear equations,
and it is one of the most useful results in fixed point theory. In the direction of generalization of
contraction conditions, in 1997, Alber and Guerre-Delabriere [3] introduced weakly contractive
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maps which are extensions of contraction maps and obtained fixed point results in the setting
of Hilbert spaces. Rhoades [30] extended this concept to metric spaces. In 2008, Dutta and
Choudhury [19] introduced (v, ¢)-weakly contractive maps and proved the existence of fixed
points in complete metric spaces. In 2009, Doric [18] extended it to a pair of maps. For
more literature in this direction, we refer Choudhury, Konar, Rhoades and Metiya [15], Babu,
Nageswara Rao and Alemayehu [7], Sastry, Babu and Kidane [32], Babu and Sailaja [8] and
Zhang and Song [35]. The main idea of b-metric was initiated from the works of Bourbaki
[14] and Bakhtin [11]. The concept of b-metric space or metric type space was introduced by
Czerwik [16] as a generalization of metric space.

Afterwards, many authors studied fixed point theorems for single-valued and multi-valued
mappings in b-metric spaces, we refer [6, 12, 13, 17, 25, 28, 29, 31, 34]. In 2002, Aamari and
Moutawakil [1] introduced the notion of property (E.A). Different authors apply this concept to
prove the existence of common fixed points, we refer [2, 9, 10, 27].

Throughout this paper we denote R™ = [0, 0) and
¥ = {y/y:RT — R" is continuous, nondecreasing with y(z) = 0 if and only if z = 0}.
Definition 1.1. [16] Let X be a non-empty set. A function d : X x X — R is said to be a

b-metric if the following conditions are satisfied: for any x,y,z € X

(i) 0 <d(x,y) and d(x,y) = 0 if and only if x =y,

(ii) d(x,y) = d(y,x),
(iii) there exists s > 1 such that d(x,z) < s[d(x,y) +d(y,2)].

In this case, the pair (X,d) is called a b-metric space with coefficient s.
Every metric space is a b-metric space with s = 1. In general, every b-metric space is not a
metric space.

Definition 1.2. [13] Let (X,d) be a b-metric space and {x,} a sequence in X.

(i) A sequence {x,} in X is called b-convergent if there exists x € X such that d(x,,x) — 0
as n — oo, In this case, we write nlgloloxn =x.
(if) A sequence {x,} in X is called b-Cauchy if d(x,x,,) — 0 as n,m — oo,
(iii) A b-metric space (X,d) is said to be a complete b-metric space if every b-Cauchy sequence in X

is b-convergent.
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(iv) A set B C X is said to be b-closed if for any sequence {x,} in B such that {x,} is

b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

Example 1.3. [22] Let X = NU {e}. We define a mapping d : X x X — R™ as follows:
(

0 if m=n,
|nl1 — %| if one of m,n is even and the other is even or oo,
d(m,n) =
5 if one of m,n is odd and the other is odd or oo,
\ 2 otherwise.
Then (X,d) is a b-metric space with coefficient s = 3.

Definition 1.4. [13] Let (X,dx) and (Y,dy) be two b-metric spaces. A function f: X — Y is a
b-continuous at a point x € X, if it is b-sequentially continuous at x. i.e., whenever {x,} is
b-convergent to x, fx, is b-convergent to fx.

Definition 1.5. [23] A pair (A, B) of selfmaps on a metric space (X,d) is said to be compatible
if nlglgo d(BAx,,ABx,) = 0 whenever {x,} is a sequence in X such that r}glolo Ax, = r}grole Bx, =z
for some z € X.

Definition 1.6. [1] A pair (A, B) of selfmaps on a metric space (X,d) is said to be satisfy (E.A)-
property if there exists a sequence {x,} in X such that r}grgo Ax, = ’}g{}o Bx, = z for some z € X.
Definition 1.7. [27] A pair (A, B) of selfmaps on a b-metric space (X,d) is said to be satisfy
b-(E.A)-property if there exists a sequence {x,} in X such that r}grgo Ax, = nlgl(}o Bx,, = z for some
zeX.

Definition 1.8. [24] A pair (A, B) of selfmaps on a set X is said to be weakly compatible if
ABx = BAx whenever Ax = Bx for any x € X.

The following lemmas are useful in proving our main results.

Lemma 1.9. [21] Let (X, d) be a b-metric space with coefficient s > 1. Suppose that {x,} is a
sequence in X such that d(x,,x,+1) < kd(x,_1,x,) for all n € N, where k € [0, 1) is a constant.
Then {x,} is a b-Cauchy sequence in X.

Lemma 1.10. [2] Let (X,d) be a b-metric space with coefficient s > 1. Suppose that {x,} and

{yn} are b-convergent to x and y respectively, then we have
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d(x.y) < Tminfd (i, y,) < limsupd (xu, o) < $°d(x.5).
In particular, if x =y, then we have nlgI‘}o d(x,,yn) = 0. Moreover for each z € X we have
ld(x,z) < liminfd(x,,z) < 113Ls,gpd(xn,z) < sd(x,72).
Lemma 1.11. Let y : RT — R be a nondecreasing continuous map with y(0) = 0. Then for
any sequence {t,} C R™, we have liminf y(z,) = y(liminfz,) and limsup y(z,,) = y(limsuptz,).
n—oo n—yeo n—oo n—yoo
The following theorem is due to Fisher [20].
Theorem 1.12. [20] Let T be a mapping of the complete metric space X into itself satisfying
the inequality
[d(Tx, Ty)]* < a(d(x, Tx)d(y, Ty)) + b(d(x, Ty)d(y, Tx)) (L.1)
forall x,y € X,0 <a < 1,0 < b then T has a fixed point in X.
Definition 1.13. Let (X, d) be a metric space, T : X — X. If T satisfies (1.1) then we call T is a
‘Fisher type contraction map’ on X.
In 1980, Pachpatte [26] extended the result of Fisher [20] in the following way.
Theorem 1.14. [26] Let T be a mapping of the complete metric space X into itself satisfying
the inequality
[d(Tx, Ty)]* < ald(x, Tx)d(y, Ty) +d(x,Ty)d(y, Tx)] +bld (x, Tx)d(y, Tx) +d(x, Ty)d (y, Ty)]
for all x,y € X where a,b > 0 and a+2b < 1. Then T has a fixed point in X.
The following theorem is due to Sharma and Sahu [33].
Theorem 1.15. [33] Let T be a mapping of the complete metric space X into itself satisfying
the inequality:
[d(Tx, Ty)]* < o [d(x, Tx)d(y, Ty) +d(x, Ty)d (y, Tx)] + 0 [d (x, Tx)d (y, Tx) +-d (x, Ty)d (y, Ty)]
+o5[(d(y,Tx))* + (d(y, Ty))]
for all x,y € X where o, 00,003 > 0and o) +200 + 03 < 1.
Then T has a fixed point in X.
Recently, Ali and Arshad [4] and Alqahtani, Fulga, Karapinar and Ozturk [5] proved the
following theorems in the context of b-metric spaces.

Theorem 1.16. [4] Let (X,d) be a complete b-metric space with the coefficient s > 1 and

suppose that selfmaps f,g,h : X — X satisfy the condition:

[d(fx,8)]* < ould(hx, fx)d(hy,gy)] + o [d(hx,gy)d(hy,gy) (1 +d(fx,hy))]
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+ o3[d(hx, hy)d (hy, gy)(1+d(fx, hy))] + au[d(hx, gy)d (hy, gy)]

+os[(d(hy, fx))* + (d(hy,gy))?]
for all x,y € X where o, 02, 03, 04, 05 > 0 are nonnegative reals with
5o+ (s? + ) o+ 503 + (5% +5)oy + as < 1.
If f(X)Ug(X) C h(X) and h(X) is a complete subspace of X, then the maps f,g and & have a
coincidence point u in X. Moreover, if (f,4) and (g,h) are weakly compatible, then f,g and h
have a unique common fixed point in X.
Theorem 1.17. [5] Let (X, d) be a complete b-metric space with the coefficient s > 1 and
suppose the selfmaps f,g,h : X — X satisfy the condition

[d(fx,gy)]* < w(F(x,y)), forall x,y € X,
where y: RT™ — R increasing, there exist ko €N, a € (0, 1) and a convergent nonnegative series
kil vy, such that s<y*1(r) < asfyk(¢) 4- vy, for k > ko and any ¢ > 0 and
F(x,y) = max{d(fx,gy)d(hx, fx),d(fx,gy)d(hy,gy),d(hy, fx)d(hx,gy), 5,d(hy, gy)d (hx, gy)}.
If f(X)Ug(X) C h(X) and h(X) is a closed subspace of X, then the maps f, g and & have a
coincidence point u in X. Moreover, if (f,h) and (g,h) are weakly compatible, then f, g and h
have a unique common fixed point in X.

In Section 2, we prove the existence and uniqueness of common fixed points for two pairs of

selfmaps satisfying a Fisher type weakly contractive condition in which one pair is compatible,
b-continous and the another one is weakly compatible in complete b-metric spaces. Further,

we prove the same with different hypotheses on two pairs of selfmaps which satisfy b-(E.A)-

property.

2. MAIN RESULTS

Let A,B,S and T be mappings from a b-metric space (X,d) into itself and satisfying
AX)CT(X)and B(X) CS(X). (2.1)
Now by (2.1), for any xo € X, there exists x| € X such that yg = Axg = Tx;. In the same way for
this x1, we can choose a point x, € X such that y; = Bx; = Sx; and so on. In general, we define
yon = Ax2y = Txpp 41 and

YVon+1 = Bx2n+1 = SX2n+2 forn= 0, 1,2, e (2.2)
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Proposition 2.1. Let (X, d) be a b-metric space wuth coefficient s > 1. Assume that A, B, S and
T are selfmappings of X which satisfy the following condition: there exist ¥, @ € ¥ such that
y(s*[d(Ax, By)I) < w(M(x.y)) — @(M(x.y)) (2:3)
where
M (x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), ».d(Ty,By)d(Sx,By)},

for all x,y € X. Then we have the following:

(i) IfA(X) CT(X) and the pair (B, T) is weakly compatible and if z is a common fixed point of
A and S then z is a common fixed point of A, B,S and T and it is unique.
(i) If B(X) C S(X) and the pair (A, S) is weakly compatible and if z is a common fixed point of

B and T then z is a common fixed point of A, B, S and T and it is unique.

Proof. First, we assume that (i) holds.
Let z be a common fixed point of A and S. Then Az = Sz =z.
Since A(X) C T(X), there exists u € X such that Tu = z.
Therefore Az =Sz=Tu =z.
We now prove that Az = Bu.
Suppose that Az # Bu.
We now consider
y(s*[d(Az, Bu)]*) < w(M(z,u)) — (M(z,u)) (2.4)
where
M(z,u) = max{d(Az,Bu)d(Sz,Az),d(Az,Bu)d(Tu,Bu),d(Sz,Tu)d(Tu,Bu),
d(Az,Tu)d(Sz,Bu), »-d(Tu,Bu)d(Sz,Bu)},
= max{0, [d(Az,Bu)]?,0, W}
= [d(Az, Bu)]?.
From the inequality (2.4), we have
y(s8[d(Az Bu)]? < w([d(Az, Bu)]?) — @([d(Az, Bu)]?) < y([d(Az, Bu)]2).
Since y is monotonically increasing, we have
s8d(Az, Bu)]? < [d(Az, Bu)]?.
Since (s — 1) > 0, we have d(Az,Bu) <0,
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which is a contradiction.
Hence Az = Bu. Therefore Az =Bu =Sz =Tu =z.
Since the pair (B, T) is weakly compatible and Bu = Tu, we have BTu = TBu. i.e., Bz =Tz.
Now we show that Bz = z.
If Bz # z, then we have
w(s°[d(Bz,2)]?) = w(s°(d(z, B2)]?)
= y(s°[d(Az,B2)]?)
< Y(M(z,2)) — @(M(z,2)) (2.5)
where
M(z,z) = max{d(Az,Bz)d(Sz,Az),d(Az,Bz)d(Tz,Bz),d(Sz,Tz)d(Tz,Bz),
d(Az,Tz)d(Sz,Bz), 5.d(Tz,Bz)d(Sz,Bz)},
— max{0, [d(Az, Bz)]2,0, LA42BI
= [d(Az,B2)]* = [d(Bz,2)]*.
From the inequality (2.5), we have
y(s*[d(Bz,2)]*) < w([d(Bz,2)]*) — 9([d(Bz,2)]) < w([d(Bz,2)]).
Since y is monotonically increasing, we have
s8[d(Bz,2)]* < [d(Bz,2)]*.
Since (s — 1) > 0, we have d(Bz,z) <0,
which is a contradiction.
Hence Bz = z. Therefore Az=Bz=Sz=Tz=z.
Therefore z is a common fixed point of A,B,S and T'.
In a similar way, under the assumption (if), the conclusion of the proposition follows.

Uniqueness follows from the inequality (2.3). 0

Remark 2.2. Selfmaps A,B,S and T of a metric space X that satisfy (2.3) is said to be Fisher
type weakly contractive maps on X.

Proposition 2.3. Let A, B, S and T be selfmaps of a b-metric space (X,d) and satisfy (2.1) and
Fisher type weakly contractive maps. Then for any xy € X, the sequence {y,} defined by (2.2)

is Cauchy in X.
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Proof. Let xp € X and let {y, } be defined by (2.2).

Assume that y,, = y,;1 for some n.

Case (i). n even.

We write n = 2m for some m € N. Suppose that d(y,+1,yn+2) > 0.

Now we consider

e}

[d(yomr1,Y2m+2)]?)
2

W(Sg[d()’n—i—la)’nﬁ-Z)] ) =yl(s
8

s d(y2m+27y2m+1)]

[ )
l )

w(
v (s3[d(Axomi2, Bxoms1)]?)
w(

M (Xom+2,%m+1)) — (M (X2m+2,X2m+1))

IN

where

M (xXom12,%2m+1) = max{d (Axom 12, Bxom+1)d(SX2m12,AXom+2),
d(Axomi2, Bxom+1)d(Txomi1, BXom+1),

d(Sx2m+2: TXom+1)d(TX2m+1, BXom+1),

(

d(Axoms2, Txomt1)d(Sx2m12, BXom+1),

3-d(TXom 11, Bxom+1)d (Sxomi2, BXomi1) }-
= max{d (Yom+2,Y2m+1)d V2m+1,Y2m+2),d (Y2m+2, Y2m+1)d (Yom, Yom+1)

d(Yom+1,Y2m)d(Yom, Yom+1)sd(Yom+2,Y2m)d(Vamt1,Y2m+1),

35 (Yom Yom+1)d(Yoms 1, Y2m 1) }
= max{[d(y2m+1,y2m+2)]?,0,0,0,0}
= [d()’n+l,)’n+2)]2-

From the inequality (2.6), we have

Y(s* [dns1,yn2)]?) S WA Onr1,042))) = @([d Gt 1,3042)])

<Y([dns1,3012)]%)-

Since y is monotonically increasing, we have

¥ d (15 9n+2)]? < [dVns1,ynr2)])*

Since (s — 1) > 0, we have d(y,+1,Yn12) <0,

which is a contradiction.

Therefore y,1+2 = Yn+1 = Y-

In general, we have y,, .y =y, fork=0,1,2,....

(2.6)
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Case (ii). n odd.
We write n = 2m -+ 1 for some m € N.

‘We now consider

[ee}

[d(Vam+2,Y2m+3)]?

W(SS [d()’n—i—l 7Yn+2)]2) = y(s
(s 1)

V(M (x2m+2,X2m+3)) — @(M(X2m+2,X2m+3)) (2.7)

8

)
)

[d(Axoms2, Bxom3

IN

where
M (xom+2,Xam+3) = max{d(Axom+2, BXom+3)d (Sx2m+2,A%2m+2),
d(Axoms2, Bxom13)d(TXom43, Bxom3),
d(Sxom+2, Txom+3)d(TX2m43, Bxom+3),
d(Axom2, Toxom+3)d (Sxom-+2, BxXom:3),
35 d(T X013, BXom 1 3)d (Sxom 2, BXom13) }-
= max{d (yom+2,Y2m+3)d(Vom+1,Y2m+2),d(Vam+2, Yom+3)d (Vam+2, Yom+3)
d(Yomi1,Y2m+2)d(Yoms2, Yom+3), d (Vam+2, Yom+2)d (Yam1, Yom+3)
35 (Yom12,Y2m+3)d (Yom1,Y2m+3) }
= max{0,[d(yam42,y2m13)]7,0,0,0, L0zmezamss Iy
= [d()’n+1,yn+2)]2-
From the inequality (2.7), we have
Y(sPd (e, yn42)]?) S WAt 3042)7) = @[ dVnr 1, 7002)))
<Y([dns1,3012)]%)-
Since y is monotonically increasing, we have
S dGns1,n12)? < [dVnr1,yn42)]
Since (s — 1) > 0, we have d(y,.1,Yn12) <0,
it is a contradiction.
Therefore yn+2 = ynt1 = yn.
In general, we have y,, .y =y, fork=0,1,2,....
From Case (i) and Case (ii), we have y, 1, =y, forall k =0,1,2,....

Hence {y, 1« } is a constant sequence and hence {y,} is Cauchy.
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Now we assume that y, | # y, for all n € N.
If n is odd, then n = 2m + 1 for some m € N.

‘We now consider

8 2

W(sSd (i, ynr1)]?) = W(sB[d (Vams1, Yoms2)]
8

(s°] )
(s*[d (vam+2, y2m+1)]%)
(s°] )
(

y
v (s®[d(Axomy2, Bxom+1))?)
y

IN

M (xom+2:X2m11)) — Q(M (Xom42,X2m+1)) (2.8)
where
M (xX2m12,%2m+1) = max{d (Axom 12, Bxom+1)d(Sx2m12,AxXom+2),

d(Axomt2, Bxom+1)d(Tx2mi1, BXom+1),

d(Sx2m+2: TXom+1)d(TX2m+1, BXom+1),

d(Axomt2, TXom41)d(Sx2mt2, BXom+1),

3-d(T X241, BxXom 1) d (Sx2m42, BXomy1) }

= max{d(yom+2,Y2m+1)d(Vom+1,Y2m+2),d(V2m+2, Y2m+1)d (Yam; Yams1)

d(Yam+1,Y2m)d (2m: Yom+1),d(Yom+2, Yom)d (Yam15Y2m41)

(Yom+15Y2m+1)}

3-d (Yoms Yams1

)d
= max{[d(yam+1,Y2m+2)]*d (Vam: yom+1)d (yam+2, Yam+1), [d (2ms y2m+1)]7, 0,0}
= max{[d(yamt1,Y2m12)1%d(V2m; Yom11)d Vami 1, Y2m12): [d(Vam, Yamy 1))}
= max{[d(yamt1,Y2m+2)]% [d(Y2m, Yom+1)]7}-
Suppose M (xom12,X2m11) = [d(Vamr1,Y2m12)]%.
From the inequality (2.8), we have
W (3 d(ns yns1)]1?) S W(dG2ms1,Y2m42))7) = @([d(V2ms1,Y2m+2)]%)
<Y([d(Yn,Ynr1)]):
Since y is monotonically increasing, we have
s8d (v, yu 1)) < d(ny Y1)
Since (s® —1) > 0, we have d(y,, yuy1) <O,

which is a contradiction.

Therefore M (xp12,%m+1) = [d(Yam, Yom+1)]%
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From the inequality (2.8), we have

V(s [d (v, ynr1)]?) < W(dG2ms y2ms1)]?) — @([d (amy Yom+1)]?)
< W([d(ynfla)’n)]z)'

Since y is monotonically increasing, we have

S 1d(Vn, yni)]? < [d(Yn—1,yn)]> when nis odd.

Also it is easy to see that (2.9) is valid when 7 is even.
Hence we have

[d (Y, yn11)]* < 5ld(yn—1,y0)]* forall n € N.

From Lemma 1.9, we have the sequence {y,} is a b-Cauchy sequence in X.

The following is the main result of this paper.

11

2.9

Theorem 2.4. Let A,B,S and T be selfmaps on a complete b-metric space (X,d) and satisfy

(2.1) and Fisher type weakly contractive maps. If either

(i) the pair (A, S) compatible, A (or) S is b-continuous and the pair (B, T) is weakly compatible

or

(ii) the pair (B, T) compatible, B (or) T is b-continuous and the pair (A, S) is weakly compatible

then A, B,S and T have a unique common fixed point in X.

Proof. By Proposition 2.3, the sequence {y,} is Cauchy in X. Since X is b-complete, there

exists z € X such that li_r}n Vn = 2.
n—oo
Thus, lim y,, = lim Axp, = lim Txy,+1 =2
n—o0 n—oo n—oo
and r}gQOY2n+1 = r}grolo Bxyp1 = ,}I_IQO Sxop42 = 2.
Assume that (i) holds.
Since S is b-continuous, it follows that
lim SSx2,12 = Sz, lim SAx;, = Sz.
n—oo n—oo
By the triangle inequality, we have
d(ASx2,,5z7) < s[d(ASxon,SAx2,) + d(SAxz,,S7)].
Since the pair (A, S) is compatible, li_r)n d(ASxz,,SAxy,) = 0.
n—oo
Taking limit superior as n — oo, we have

limsupd(ASxz,,Sz) < s[limsupd(ASxz,, SAxa,) + limsupd (SAxy,,Sz)] = 0.

n—soo n—oo n—soo

(2.10)
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Therefore nlglgo ASxp, = Sz.
We now prove that Sz = z. Suppose that Sz # z.
From the inequality (2.3), we have
W (s®[d(ASxon 2, Bxoni1)]%) < W(M(Sxoni2,%2011)) — @(M(Sx2012,X2011)) (2.11)
where
M (Sx2442,X2n+1) = max{d(ASxon12,Bx2n11)d(SSX2412,ASX2012),
d(ASx2442,Bx211)d(Tx2441,BX2011),
d(SSx2442,Tx2n41)d(Tx2n 1, BX2441),
d(ASx2442,Tx2441)d (SSx2442,BX2n1 1),
3-d(Tx241, BX2p41)d(SSx2042, BXops1) }
By taking limit superior as n — o0 on M(Sx2;,12,%2,+1) and using Lemma 1.10, we obtain
limsup M (Sxzns2,%21) < max{s*d(Sz,2)d(Sz,2),5%d(8z,2)d(z,2),5*d(Sz,2)d (z,72),
s*d(52,2)d (82.2). $5d(2,2)d (82.2))
= s*d(5z,2)]%.
Therefore - =1d(Sz, 7)) < hmlnfM (Sx2n12,%2011) < limsupM(Sxop12,%2011) < s*d(Sz,2)]%.

n—soo
Taking limit superior as n — oo in the inequality (2.11) and using Lemma 1.10, we get

y(s* §1d(S2.9)]%) < y(s* limsupld(ASyans2, Bz 1))
n—soo
= limsup y(s8[d (ASx2n12, Bx2p41)]?)

n—oo

< limsup[y (M (Sx2n12,%20+1)) — @(M(Sx2n42,%20+1))]

n—oo

< y(limsup M(Sx2n+2,X2n+1) —hmmffp( (Sx2n+42,X2041))
n—oo

)

< y(limsup M (Sx2n+2,%2n+1)) — @(liminf M (Sx2n12,%X20+1))

n—oo n—eo
)

(

< V’(lizn_i‘jPM (Sx2042,%2041)
y(s*d(Sz,2)).

Therefore y(s*[d(Sz,2)]%) < w(s*[d(Sz,2)]?),

which is a contradiction.

Therefore Sz = z.

We now show that Az = z. Suppose that Az # z.

W (s*[d(Az, Bxows1)]?) < W(M(2,%2011)) — @(M(2,%2011)) (2.12)

where
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M (z,x2,+1) = max{d(Az, Bx,+1)d(Sz,Az),d(Az,Bx211)d(Txon41,Bx2n+1),
d(8z,Txop41)d(Tx2041,Bx2n+41),d(AZ, TX2p41)d (S2, BX2p 1),
3-d(T X 11, Bxoni1)d(Sz, Bxons1)}-

On letting limit superior as n — co on M(z,x2,+1) and using Lemma 1.10, we obtain

limsup M (z,x2,+1) < max{sd(Az,z)d(z,Az),s°d(Az,2)d(z,2),5°d(z,2)d(z,2),s%d(Az,2)d(z,2),

n—yoo
25°d(2,2)d(2,2)}
= sld(Az,2)]*.
Therefore 1[d(Az,z)]* < lin_1>infM(z7x2n+1) < limsupM(z,x2,11) < s[d(Sz,2)]*.
n—oo

n—soo
Taking limit superior as n — oo in the inequality (2.12) and using Lemma 1.10, we get

v (s81[d(Az,2)]%) < w(s®limsup[d(Az, Bx2y41)]?)
n—so0
= limsup y(s%[d(Az, Bx2,41)]?)

n—>oo

< limsup[y(M(z,x2041)) — @(M(z,X2111))]

n—soo

< y(limsupM(z,x2n+1)) — liminf @ (M (z,x21+1))
n—soo n—ee

)
< y(limsupM(z,x2n+1)) — (P(ligii}fM(Zaxzwl))
)

n—oo

< y(limsupM(z,x2n+1)
n—soo

< wisld(az,2)2).
Since y is monotonically increasing, we have
s7[d(Az,2)]* < sld(Az,2)]*.
Since (s —1) > 0, we have
[d(Az,z)]> < 0 which implies that d(Az,z) < 0 and implies that Az = z.
Therefore Az = Sz = z. Hence z is a common fixed point of A and S.
Now by Proposition 2.1, we have z is a unique common fixed point of A,B,S and T'.
Assume that A is b-continuous, it follows that
lim AAXQn = AZ, lim ASX2n+2 =Az.
n—oo n—oo
By the b-triangle inequality, we have
d(SAxo,,Az) < s[d(SAxp,,ASx2,) + d(ASx2,,Az)].
Since the pair (A, S) is compatible, lim d(ASxy,,SAxp,) = 0.

n—oo

Taking limit superior as n — oo, we have

limsupd(SAxy,,Az) < s[limsupd(SAxy,,ASx2,) + limsupd(ASxz,,Az)] = 0.

n—oo n—oo n—soo
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Therefore nlglgo SAxy, = Az.

Now we prove that Az = z. Suppose that Az # z.

From the inequality (2.3), we have

W (s*[d(AAx2n, Bx2n41)]?) < W(M(Ax2n,x2041)) — @(M(Ax2n, X211))

where

M(Axo,,x2n+1) = max{d(AAxa,, Bxoy11)d(SAx2,,AAX2,),
d(AAx2y, Bxon+1)d(Tx2n+1, Bxon+1),
d(SAx2n, TXon+1)d(TX2n+1, BX2n+1),
d(AAxn, Txop11)d(SAX2n, BXon+t1),
3-d(Tx2041, Bx2p41)d(SAX20, Bx2n11) }.

On letting limit superior as n — oo on M(Axp,,%2,+1) and using Lemma 1.10, we obtain

lim SupM(AXZmXZrH-I) S maX{s4d(Az,z)d(Az7z),s4d(Az,z)d(z,z),s4d(Az,z)d(z,z),

n—yoo

s*d(Az,2)d(Az,2), 5d(z2,7)d(Az,2)}
= 5*d(Az,2)).

(2.13)

Therefore - Zld(Az, 2))? < 11m1nfM (Axon, X2n41) < limsup M (Axz,,x0n11) < s*[d(Az,2)]?.

n—oo
Taking limit superior as n — oo in the inequality (2.13) and using Lemma 1.10, we get

(s 5[d(Az,2))?) < y(s* limsup[d (AAxz,, Bxa1)]?)
n—soo
= limsup y(s®[d(AAx2,, Bx2y11)]%)

n—yoo

< limsup[y(M(Axzn,X2n+1)) — @(M(Ax2, X2n11))]

n—so0
< u/(lim sup M (Ax2p, X2n+1

n—oo

) — hmlnf(p( (Axon, Xon+1))
limSup M (A, Xa01.1)) — P(minE M (A v2011)
)

n—oo

w(

v(limsup M (Axz, X241

e
y(s*d(Az,2)]%).

Therefore y( 4[d(Az 2)]?) < w(s*d(Az,2)]?),

it is a contradiction.

Therefore Az = z. Since A(X) C T(X), there exists u € X such that z = Tu.

We now show that Bu = z. Suppose that Bu # z.

W58 (A, Bu)]) < (M (20, 0)) — 9(M (20, 10))

where

(2.14)
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M (x2,,u) = max{d(Axy,, Bu)d(Sxz,,Ax2,),d(Ax2,, Bu)d(Tu,Bu),
d(Sx2, Tu)d(Tu,Bu),d(Axy,, Tu)d (Sxz,, Bu),
5-d(Tu,Bu)d(Sx2,,Bu)}.
By taking limit superior as n — o on M (x,,u) and using Lemma 1.10, we obtain
limsup M (x3,,,u) < max{s’d(z,Bu)d(z,z),sd(z,Bu)d(z,Bu),sd(z,z)d(z, Bu),
o s%d(z,2)d(z,Bu), 5-d(z,Bu)d(z,Bu)}
= s|d(z,Bu))>.
Therefore %[d(z,Bu)]2 < lilgi(ilfM(szn,u) < lizrlsipM(szn,u) < s[d(z,Bu))>.
Taking limit superior as n — oo in the inequality (2.14) and using Lemma 1.10, we get
W(s* Lz, Bu)]?) < (s limsupld(Axa,, Bu) )
— timsup W (3 [d (Axsy, Bu) )

n—yoo

< lizrfgp[w(M(in, u)) — @(M(xzn,u))]

n—oo

< y(s[d(z,Bu)]?).
Since y is monotonically increasing, we have

s’[d(z,Bu)]? < sld(z,Bu))>.

< y(limsupM (35, 1)) — liminf (M (x3,,1)
n—yoo n—reo
< W(hm SupM(XZm l/t)) - (p(linl}nfMOCZm I/t))
n—yoo n—reo
< y(limsupM (xz,,u))
]

Since (s —1) > 0, we have
[d(z,Bu)]? < 0 which implies that Bu = z.
Therefore Bu = Tu = z. Since the pair (B, T) is weakly compatible and Bu = Tu, we have
BTu=TBu.ie.,Bz=Txz.
We now show that Bz = z. Suppose that Bz # z.
W (s*[d(Axzn, B2)]?) < W(M(x20,2)) — (M (x20,2)) (2.15)
where
M (x24,7) = max{d(Axa,, Bz)d(Sx2n,Ax21),d(Ax20, Bz)d(Tz,Bz),
d(Sx2n, T2)d(Tz,Bz),d(Axon, T2)d(Sx2n, Bz), 5-d (T2, Bz)d(Sx20, Bz) }.
By taking limit superior as n — oo on M(x;,,z) and using Lemma 1.10, we obtain

limsup M (x,,z) < max{s°d(z,Bz)d(z,z),sd(z,Bz)d(z, Bz),sd(z,2)d(z, Bz),

n—oo
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s?d(z,2)d(z,Bz), 5;d(z, Bz)d (2, Bz) }
= sld(z, Bz))”.
Therefore 1[d(z,Bz)]* < liminf M (Axan,z) < li,r1n _>S°l:pM (Axop,z) < s]d(z,Bz))*.
Taking limit superior as n — oo in the inequality (2.15) and using Lemma 1.10, we get
w(s®{[d(z,B2)]) < (s* limsup[d (Ax,, Bz))?)
— timsup W(3[d(Axss, B))

n—soo

< limsup[y(M(x24,2)) — @(M(x20,2))]

n—soo

< y(limsup M (x2,,2)) — liminf @ (M (x20,2))
n—oo

n—oo

z))
< y(limsupM (x2,,2)) — (p(lin_1>infM(x2n,z))
z))

n—soo

< y(limsupM (x2p,2)
oo
< y(s[d(z,B2)]?).
Since y is monotonically increasing, we have
s7[d(z,Bz))* < s[d(z, Bz)]*.
Since (s® — 1) > 0, we have
[d(z,B2)] < 0.
Which implies that d(Bz,z) < 0.
Hence Bz = z.
Therefore Bz =Tz =z.
Hence z is a common fixed point of A and S.

Now by Proposition 2.1, we have z is a unique common fixed point of A,B,S and T'.

In a similar way, under the assumption (if), the conclusion of the theorem holds. O

Theorem 2.5. Let (X,d) be a b-metric space with coefficient s > 1. Let A,B,S,T : X — X
be selfmaps of X and satisfy (2.1) and Fisher type weakly contractive maps. Suppose that
one of the pairs (A,S) and (B,T) satisfies the b-(E.A)-property and that one of the subspace
A(X),B(X),S(X) and T(X) is b-closed in X. Then the pairs (A,S) and (B,T) have a point
of coincidence in X. Moreover, if the pairs (A,S) and (B,T) are weakly compatible, then

A,B,S and T have a unique common fixed point in X.

Proof. We first assume that the pair (A, S) satisfies the b-(E.A)-property. So there exists a

sequence {x,} in X such that
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lim Ax,, = lim Sx,, = g for some g € X.
n—soo n—soo

Since A(X) C T(X), there exists a sequence {y,} in X such that Ax, = Ty,, and hence

lim Ty, =gq.
n—soo
Now we show that lim By, = gq.
n—soo
From the inequality (2.3), we have
W(SS [d(Axanyn)]z) < Y(M(xn,yn)) — @(M (X, ¥n))
where

M (xp,yn) = max{d(Ax,, By,)d(Sx,,Ax,),d(Ax,, By,)d(Tyn, By,),

17

(2.16)

(2.17)

(2.18)

d(Sxn, TYn)d(TYn, Byn), d(Axn, Ty)d (Sxn, BYn) 2<d(Tyn, Byn)d(Sxn, Byn) }.

By taking limit superior as n — o0 on M(x,,y,), and using (2.16) and (2.17), we obtain

limsup M (x,,,y,) = max{0,limsup|d(Ax,, Byn)]z, 0,0, % limsup|d (Ax,, Byn)]z}
n—yoo n—oo n—roo
= limsup[d (Ax,, By,)]>.
n—yoo
Similarly, we obtain

liminfM (x,,y,) = liminf[d (Ax,, By,)]*.
n—soco n—oo
On taking limit superior as n — o in (2.18), and using (2.19) and (2.20), we get

III(SS hmsup[d(Axn»B)’n)]z) = limsup W(S8 [d(AxmByn)]z)
n—roo

n—oo

< limsup W(M(xna)’n)) - lirginf(P(M(xmyn))

n—soo

= l//(limsupM(xn,yn)) - (p(lirginfM(ann))
n—yoco n—oo
= y(limsup|d (Ax,, Byn)]*) — ¢ (liminf[d (Axy, Byn))?)

n—oo

< y(limsup[d (Axy, Bya)?).
n—soo
Since y is monotonically increasing, we have

s8 limsup[d(Ax,, By,)]? < limsup[d(Ax,,By,)]>.

Sincne_?:*8 —1)>0, we haverHoo

limsup|d(Ax,, By,)]> < 0 implies that lim [d(Ax,,By,)]* = 0.
Till:;;fore r}l_r)rolo d(Ax,,By,) =0.

By the b-triangle inequality, we have

d(q,Byn) < s[d(q,Axn) + d(Axn, Byn)].

On takin limits as n — oo in (2.22), and using (2.16) and (2.21), we get

. < i . _
r}l_rgod(%Byn) = Sul_r}I(}od(%Axn) +r}g§od(Axn,Byn)] 0.

(2.19)

(2.20)

(2.21)

(2.22)
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Therefore nlglgo d(q,By,) =0.
Case (i). Assume that 7'(X) is a b-closed subset of X.
In this case g € T'(X), we can choose r € X such that Tr = q.
We now prove that Br = g. Suppose that d(Br,q) > 0.
From the inequality (2.3), we have
¥ (s®[d(Axy, Br)]*) < W(M(xn, 7)) — (M (xn, 1)) (2.23)
where
M (xp,r) = max{d(Ax,,Br)d(Sx,,Ax,),d(Ax,,Br)d(Tr,Br),
d(Sxy, Tr)d(Tr,Br),d(Ax,, Tr)d(Sxy, Br), 5:d (T, Br)d(Sx,, Br)}.

On letting limit superior as n — oo in (2.23), and using Lemma 1.10, we obtain
limsupM (x,,r) < max{0,s[d(q,Br)]*,0,0, »-s[d(q, Br)]*}

o — sld(q, B
Therefore %[d(q,Br)]2 < ligiilfM(xn,r) < lig::pM(xn, r) < s[d(q,Br)]*.
Taking limit superior as n — oo in (2.23) and using Lemma 1.10, we have
W(s*L[d (g, Br)) = w(s limsup[d(Ax,, Br)]?)

n—oo

= limsup y(s%[d(Ax,, Br)]?)

n—yoo

< liggp[w(M(xn,r)) — @(M(xp,7))]

= limsup y (M (xp,r)) — lirr_1>inf(p(M(xn, r))
n—eo n—ree
= y(limsupM (xp,r)) — (p(lirginfM(xm r))
n—yoo e
< y(limsupM(x,,r))
n—oo

< sld(q,Br)]>
Since y is monotonically increasing, we have
s"ld(q,Br)]* < sld(q,Br)]*.
Since (s®—1) > 0, we have
[d(g,Br)]* < 0 which implies that d(g, Br) <0,
it is a contradiction.
Therefore Br = q. Hence Br = Tr = g, so that ¢ is a coincidence point of B and 7.
Since B(X) C S(X), we have g € S(X), there exists z € X such that Sz = g = Br.

Now we show that Az = g. Suppose Az # q.
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From the inequality (2.3), we have
W(s*[d(Az,q)?) = w(*[d(Az, B)?) < w(M(z,r)) — p(M(z,1)) (2.24)
where
M(z,r) = max{d(Az,Br)d(Sz,Az),d(Az,Br)d(Tr,Br),d(Sz,Tr)d(Tr,Br),
d(Az,Tr)d(Sz,Br), 5.d(Tr,Br)d(Sz,Br)}
= max{[d(Az,¢)]?,0,0,0,0}
= [d(Az,q)>
From the inequality (2.5.9), we have
w(s°[d(Az,9)]) < w([d(Az,9))?) — @([d(Az,9)*) < y([d(Az,q)]?).
Since y is monotonically increasing, we have
s¥[d(Az,q)* < [d(Az,q)]*.
Since (s — 1) > 0, we have
[d(Az,q)]> < 0 which implies that d(Az,q) <0,
which is a contradiction.
Therefore Az = Sz = ¢ so that z is a coincidence point of A and S.
Since the pairs (A, S) and (B, T) are weakly compatible, we have Aq = Sq and Bg = Tq.
Therefore ¢ is also a coincidence point of the pairs (A,S) and (B,T).

We now show that g is a common fixed point of A, B,S and 7.

Suppose Ag # q.

From the inequality (2.3), we have

w(s%d(Aq,9)]*) = w(s®[d(Aq,Br)]*) < w(M(q,r)) — 9(M(q,r)) (2.25)
where

M(q,r) = max{d(Aq,Br)d(Sq,Aq),d(Aq,Br)d(Tr,Br),d(Sq,Tr)d(Tr,Br),
d(Aq,Tr)d(Sq,Br),»-d(Tr,Br)d(Sq,Br)}
=max{0,0,0,[d(Aq,q)]*,0}
= [d(Aq,q)]".
From the inequality (2.25), we have

v(s°[d(Aq.q)]*) < w([d(Aq.q)%) — o([d(Aq,9)*) < w([d(Aq,q)?).

Since y is monotonically increasing, we have
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s*ld(Aq,q))* < [d(Aq,q)]>.
Since (s® —1) > 0, we have
[d(Aq,q)]> < 0 which implies that d(Aq,q) <0,
which is a contradiction.
Therefore Aq = Sq = ¢ so that g is a common fixed point of A and S.
By Proposition 2.1, we get that ¢ is a unique common fixed point of A, B, S and T'.
Case (ii). Suppose A(X) is b-closed.
In this case, we have g € A(X) and since A(X) C T'(X), we choose r € X such that g = Tr.
The proof follows as in Case (i).
Case (iii). Suppose S(X) is b-closed.
We follow the argument similar as Case (i) and we get conclusion.
Case (iv). Suppose B(X) is b-closed.
As in Case (ii), we get the conclusion.
For the case of (B,T) satisfies the b-(E.A)-property, we follow the argument similar to the

case (A, S) satisfies the b-(E.A)-property. O

3. COROLLARIES AND EXAMPLES

In this section we draw some corollaries from our main results and we provide examples
in support of our results.
Corollary 3.1. Let (X, d) be a b-metric space and f and g be selfmaps of X. Assume that there
exist ¥, ¢ € ¥ such that

w(sd(fx, /) < w(M(x,y) — 9(M(x,y)) (3.1)
where
M(x,y) = max{d(fx, fy)d(gx, fx),d(fx, fy)d(gy, fy),d(gx,gy)d(gy, fy),

d(fx,gy)d(gx, fy), 5:d(gy, fy)d(gx, )},
for all x,y € X. If f(X) C g(X), the pair (f,g) is compatible and f or g is b-continuous then

f and g have a unique common fixed point in X.

Proof. The proof follows by choosing A =B = f and T = S = g in Theorem 2.4. UJ
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Corollary 3.2. Let (X,d) be a b-metric space with coefficient s > 1. Let f,g: X — X be
selfmaps of X and satisfy f(X) C g(X) and the inequality (3.1). Suppose that the pair (f,g)
satisfies the b-(E.A)-property and that one of the subspace f(X) and g(X) is b-closed in X.
Then the pairs (f,g) have a point of coincidence in X. Moreover, if the pair (f,g) is weakly

compatible, then f and g have a unique common fixed point in X.

Proof. By taking A = B = f and S = T = g in Theorem 2.5, the conclusion of the corollary
follows. 0

The following is an example in support of Theorem 2.4.
Example 3.3. Let X = R" and letd : X x X — R* defined by
(0 ifx—y
4 if x,y € (0,1),

dxy)=4q , | |
3ty if x,y € [1,00),
15—2 otherwise.
\

Then clearly (X,d) is a complete b-metric space with coefficient s = %.

Here we observe that when x = i),z =1 € [1,e) and y € (0,1), we have
d(x,z) = %—i—ﬁ = % and d(x,y) +d(y,z) = 15—2 +15—2 = % so that

d(x,z) # d(x,y) +d(y2).
Hence, d is a b-metric with s = §(> 1) but not a metric.

We define A,B,S,T : X — X by

. x ifxeo,1) B i xe0,1)
A(x) =1ifx € [0,0), B(x) = . S(x) = 1 ‘
L ifx e [l,00), X ifx e [1,00),
x(2—x) ifxe[0,1)
2x—1 ifxe[l,).
Clearly A(X) C T(X) and B(X) C S(X). A is b-continuous.

and T'(x) =

We choose a sequence {x,} with {x,} = 14 3-,n > 1, we have

ASx, =A(1+4-) = 1 and SAx, = S1 = L.

Therefore ’}1_r>130 d(ASxy,SAx,) = 0 so that the pair (A, S) is compatible and clearly the pair (B, T)
is weakly compatible.

We define y, ¢ : RT — R* by y(r) = 3t,0(t) = 1t.

B
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Case (i). x,y € (0,1).

d(Ax,By) = %,d(Sx, Ty) =4,d(Ty,By) = 4,d(Sx,Ax) = %,d(Ax,Ty) = 15—2,d(Sx,By) =
M(x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),

d(Ax,Ty)d(Sx,By), 2sd(Ty, By)d(Sx,By)}

144 48 16 48 192 = 16.

=max{7%5,%5,16,%, 55

Now we consider
w(s°[d(Ax, BY)]*) = v (Sgiirisos )
< y(16) — o(16)
= y(M(x,y)) — p(M(xy))-
Case (ii). x,y € [1,0).
d(Ax,By) = 12,d(Sx,Ty) = 3 + x+y,d(Ty,By) S+
d(Ax,Ty) = 5 2+ Hy,d(Sx,By) = ?
M (x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), 2sd(Ty,By)d(Sx By)}

=max{<£>< ) D)+ L) B+ R (DG L), ()3 + 1))

L

d(Sx,Ax) = paed

[\S]\Nel]

x+y ’

We now consider
yw(s*[d(Ax, By)]*) = w(Sgioss)
<y(3+5P) -3+ 51
= y(M(x,y)) — @(M(x,y)).
Case (iii). x € (0,1),y € [1,00).
d(Ax,By) = 12,d(Sx,Ty) = 12,d(Ty,By) = 12,d(Sx,Ax) = 2,
d(Ax, Ty) =+ £L,d(Sx, By) = 4.
M (x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), st(Ty,By)d(Sx By)}

_ 144 144 144 576 4
=max{7%s5, 55, %5 ’18+x+y 3= 18+x+y

Now we consider

w(s8[d(Ax, By)]?) = y( 803513625
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<y(18+75) —e(18+ 75)
=y(M(x,y)) — o(M(x,y)).
Case (iv). x € [1,0),y € (0,1).
d(Ax,By) = 2,d(Sx,Ty) = 2,d(Ty,By) = 4,d(Sx,Ax) =
d(Ax,Ty) = 2,d(Sx,By) = 2.
M(x,y) = max{d(Ax, By)d(Sx,Ax),d(Ax, By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), ~d(Ty, By)d(Sx, By)}

12 48 48 144 576 _%+

- 54
= max{3 a5 5055015

1
+ x+y?

\S]\Ne]

d(
d(

5 (x+y)

‘We now consider

y(s®[d(Ax, By)|?) = w( G231
< W(54 + 5(x+y)) - (P(% + 5():-%-y))
= y(M(x,y)) — @(M(x,y)).

From all the above four cases, A,B,S and T are Fisher type weakly contractive maps.

Therefore A, B,S and T satisfy all the hypotheses of Theorem 2.4 and 1 is the unique common
fixed point of A,B,S and T
The following is an example in support of Theorem 2.5.

Example 3.4. Let X = [0,1] and let d : X x X — R defined by
(0 ifx=y,

)= P ifx,y € (0,3),
” T iy ye[3,1]
57710 Y <131

12 .
75 otherwise.

\
Then clearly (X,d) is a complete b-metric space with coefficient s = 49

Here we observe that when x =1,z = 75 € [3,1] and y € (0, %), we have
d(x,z) = 3+52 = ;55 and d(x,y) +d(y,2) = 3% + 32 = 32 so that
d(x,z) # d(x,y) +d(y2).

Hence, d is a b-metric with s = 4—(> 1) but not a metric.

We define A,B,S,T : X — X by

1 . 2 1 . 5
5 ifxel0,% 7 ifxe|0,3
A(x)=2ifx€ 0,1, B(x)={ > [0,5) sw={ 4 0,2)
1-3% ifxe[3,1], T—x ifxe[3,1],
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ifx€[0,2)
if x € [3,1].
Clearly A(X) C T(X) and B(X) C S(X). A(X) = {3} is b-closed.

W=

and T (x) =

=

We choose a sequence {xn} with {x,} = % + }l,n > 4 with

lim Ax, = hm Sxn = 5, 2 hence the pair (A4, S) satisfies the b-(E.A)-property.

n—soo

Clearly the pairs (A,S) and (B, T) are weakly compatible.

We define y, ¢ : RT — RT by y(r) = 3t,9(t) = 1t

Case (i). x,y € (0,3).

d(Ax,By) = g,d(Sx, Ty) = gg,d(Ty, By) = gg,d(Sx Ax) = d(Ax Ty) = 2—2,

d(Sx,By) = @

M(x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), 2sa,’(Ty, By)d(Sx,By)}

— 144 92 529 529 25921y _ 529
= max{ g3, 235> 300> 300° 93600 = 300"

Now we consider
(s [d(Ax, BY)I) = W (5571058 1606000625)
< v(35) — @ (35)
=y (M(x,y)) — o(M(x,y)).
Case (ii). x,y € [%, 1].
d(Ax,By) = ;g,d(Sx Ty) = d(Ty,By) = 2—2 d(Sx,Ax) = %
d(Ax,Ty) =5 44 xf[)y,d(Sx,By) = E
M(x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),
d(Ax,Ty)d(Sx,By), 2sd(Ty, By)d(Sx,By)}

_ 144 144 144 46 | 23(x+y) 2392y _ 46 | 23(x+y)
=max{g3,525:625:75 T 300 061250 = 13+ 300 -

‘We now consider

V(s [d (Ax, By )] )= W(2706797%250801960()86502()906662‘;)
< w3+ 25 — o(32+ i)
= y(M(x,y)) — 9(M(x,y)).

Case (iii). x € (0,3),y € [3,1].

d(Ax,By) = 33,d(Sx, Ty) = 53,d(Ty, By) = 53,d(Sx,Ax) = 33,
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d(Ax,Ty) = 3 2R xlt)y,d(Sx,By) =2
M(x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),

d(Ax,Ty)d(Sx,By), 2] d(Ty,By)d(Sx,By)}

_ 144 144 144 92 | 23(x+y) 2392\ _ 46 , 23(x+y)
=max{ g3, 525 625:150 T 300 &125) = 73 T 300 -

‘We now consider

(s°[d(Ax, By)]? ) (2706797%2508019608;6502()906662%)
w3+ 2650) - o35 + 250
y(M(x,y)) — @(M(x,y)).
Case (iv). x € [% 1],y € (0 %)
d(Ax,By) = 12,d(Sx,Ty) = £ ,d(Ty,By) = 3,d(Sx,Ax) = 32,
d(Ax,Ty) = 12,d(Sx,By) = 2.

M(x,y) = max{d(Ax,By)d(Sx,Ax),d(Ax,By)d(Ty,By),d(Sx,Ty)d(Ty,By),

d(Ax,Ty)d(Sx,By), »-d(Ty, By)d(Sx,By)}

— 144 144 529 92 25921y _ 529
= max{ 33, 533 5007 250 93600 = 300"

‘We now consider

7698200908529664
w(s*[d(Ax, By)]*) = V(5553058 1600000025 )

< ¥(550) — ¢ (350)

= y(M(x,y)) — @(M(x,y)).
From all the above four cases, A,B,S and T are Fisher type weakly contractive maps.
Therefore A, B,S and T satisfy all the hypotheses of Theorem 2.5 and % is the unique common
fixed point.
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