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Abstract. In this paper, we introduce Geraghty ¢-rational type contraction mappings and prove the existence of
fixed points in orbitally complete partially ordered metric spaces. We provide examples in support of the validity of
our results. Our results extend the results of Amini-Harindi and Emami[1] and Harjani, Lopez and Sadarangani[4]
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1. INTRODUCTION AND PRELIMINARIES

One among the generalizations of contraction condition is Geraghty contraction, in which
the contraction constant is replaced by a function having some specified properties. We use the
following notation introduced by Geraghty, namely
S={B:]0, =) —[0,1)/ B(t,) > 1 =1, — 0}.

Definition 1.1.[3] A selfmap f : X — X is said to be a Geraghty contraction if there exists

*Corresponding author
E-mail address: chinnoduv @rediffmail.com

Received June 16, 2019



2 G. V.R. BABU, K. K. M. SARMA AND V. A. KUMARI
B € S such that

d(f (), £(5)) < Bd(x,))d(x,y) (L1)

for all x,y € X.

Theorem 1.2.[3] Let X be a complete metric space. Assume that f : X — X is a Geraghty
contraction. Then f has a unique fixed point in X.

In 1977, Jaggi [5] introduced a new concept namely ’rational type contraction mappings’
and proved the existence of fixed points of such mappings, which is a generalization of Banach
contraction principle.

Theorem 1.3.[5] Let f be a continuous selfmap defined on a complete metric space (X,d).
Suppose that f satisfies the following condition: there exist o, y € [0,1) with & + ¥ < 1 such
that
d(fx. fy) < 0 R + i (x,y) (1:2)
for all x,y € X, x # y. Then f has a fixed point in X.

Here we note that a mapping f : X — X, X a metric space that satisfies (1.2) is called a Jaggi
contraction map on X.

In recent years, fixed point theory is developing rapidly in partially ordered metric space
setting. Ran and Reurings [6] extended and generalized the Banach contraction theorem to
ordered metric spaces.

Let (X, <) be a partially ordered set. If there is a metric d on X such that (X,d) is a metric
space then we call X is a partially ordered metric space, and we denote it by (X, <,d). If d is
complete on X then we call (X, <,d) is a partially ordered complete metric space.

Definition 1.4. Let (X, =) be a partially ordered set. A map f:X — X is said to be non-
decreasing if for any x,y € X with x <y then fx <X fy.

In this direction, in 2010, Amimi-Harindi and Emami[1] extended Theorem 1.2 to partially
ordered metric spaces.

Theorem 1.5. [1] Let (X, <) be a partially ordered set and suppose that there exists a metric
d on X such that (X,d) is a complete metric space. Let f : X — X be an increasing mapping

such that there exists xo € X with xo < f(xo). Suppose that there exists § € S such that
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d(f(x),f(v)) <B(d(x,y))d(x,y) (1.3)

for all x, y € X with x >~ y. Assume that either

(i) f is continuous; (or)

(ii) X is such that if an increasing sequence {x,} — x in X then x,, < x for all n.

Further, if for each x,y € X, there exists z € X such that z is comparable to x and y, then f has
a unique fixed point in X.

Harjani, Lopez and Sadarangani [4] extended Theorem 1.3 to the context of partially ordered
complete metric spaces.
Theorem 1.6.[4] Let (X, <) be a partially ordered set and suppose that there is a metric d on X
such that (X,d) is a complete metric space. Let f : X — X be a non-decreasing mapping such
that
d(fx, fy) < LI 4 gy, y) (1.4)
forall x,y € X withx >y, x #y where 0 < o,y < 1 with x +y < 1.

Also, assume either

(i) f is continuous; (or)

(ii) if a non-decreasing sequence {x,} in X is such that x, — x as n — oo then x = sup{x, }.

If there exists xo € X such that xo < fxo, then f has a fixed point.

A map f that satisfies the inequality (1.4) is called Jaggi contraction map in partially ordered
metric spaces.

In 2013, Samet, Vetro and Vetro [7] introduced a new type of contraction condition and
proved fixed point theorems in complete metric spaces that generalize Banach contraction prin-
ciple.

Theorem 1.7.[7] Let (X, <) be a complete metric space, ¢ : X — [0,0) be a lower semi contin-
uous function and f : X — X be a given mapping. Suppose that there exists a constant y € (0, 1)
such that for all x,y € X,

d(fx,fy) +o(fx) + @(fy) < Vd(x,y) + o (x) + @(y)].

Then T has a unique fixed point x* € X. Moreover, we have ¢@(x*) = 0.
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Let X be a nonempty set and f be a selfmap of X. Let x € X, we define the orbit of x w. 1. t.
fby O¢(x) ={f"x/n=0,1,2,...}. Here fO =1, I is the identity map of X. From here onwards
we denote Of(x) by O(x).

Definition 1.8.[8] Let (X,d) be a metric space. Let f: X — X be a selfmap of X. A metric
space X is said to be f-orbitally complete if every Cauchy sequence which is contained in O(x)

for all x in X converges to a point of X.

Here we note that every complete metric space is f-orbitally complete for any f; but every
f-orbitally complete metric space need not be a complete metric space [8].

Definition 1.9.[8] A selfmap f of X is said to be orbitally continuous at a point z in X with
respect to x in X, if for any sequence {x,} C O(x) with x, — z as n — e implies fx, — fz as
n — oo,

Clearly, any continuous mapping of a metric space is orbitally continuous, but its converse
is not true. For more details and discussion on these concepts we refer Turkoglu, Ozer and
Fisher[8].

We use the following lemma in our main result.
Lemma 1.9. [2] Suppose that (X,d) is a metric space. Let {x,} be a sequence in X such that
d(Xn,Xp+1) — 0 as n — oo. If {x,} is not a Cauchy sequence then there exist an € > 0 and se-
quences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k such that d(x,,(x), Xu(x)) =
€, d(Xp()=1,%n(k)) < € and

(7) Hm d (a1, %y 1) = € (i0) 1im d (), Xm(r)) = €,
(i) T d ()1, %n0)) = € () im d (), Xm(e)41) = &,

(v) im d (1) Xn(r) 1) = €, and (vi) lim d a1, Xm(e41) = &-

In the following, we define Geraghty ¢—rational type contraction maps in partially ordered
metric spaces.

Definition 1.11. Let (X, <) be a partially ordered metric space and suppose that f : X — X be a

mapping. If there exist two functions ¢ : X — [0,0) lower semi continuous, 3 € S and a point

Xo € X such that

d(fx, fy) + @(fx) + ¢(fy) < B(M(x,y))M(x,y), (1.5)
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where

M (x.y) = max{d(x,y) + Q(x) + (y), (LI LETELTER Do)

for all x,y € O(xp) with x <y and x # y, then we say that f is a Geraghty @-rational type

contraction with respect to xy € X.

Remark 1.12. If ¢ = 0 in the inequality (1.5), then we say that f is a Geraghty rational type

contraction.

Note: In the context of partially ordered metric spaces, if f satisfies (1.6.1) with oo+ 7 < 1

then f is a Geraghty ¢@-rational type contraction with ¢ =0 and B = a + 7 so that every Jaggi

contraction is a Geraghty ¢-rational type contraction. But, the following example suggests that

its converse 1s not true.

Example 1.13. Let X = [0, 1) with the usual metric. We define partial order < on X as follows:

<:={(x,y) eX xX :x=y}U{(x,y) € X x X /x < yimplies x <y, where < is the usual order}.
0 ifx=0

We define f: X — X, by fx= ’%1 if xe (0%)

if xe[%1).

3 ifxelo,2
We define ¢ : X — [0,0) by (p(x)—{ 2 ifx€| 5)
0

Ll

x—3 ifxelil)
ift=0

i if1>0.
Letxozi, fxo— then xop = fxo. Here O(xg) = {% %,%,%,...} and

O(xp) = i, 3 5} O(xp). Let x,y € O(xp).

and 3 : [0,00) = [0,1) by B(t) =

The following three cases arise to verify the inequality (1.5).

Case (i): x andy =

== ool

=1
In this case, d(fx fy)—l—(p( x)+ @(fy) = 35 and M(x,y) = 2.
d(fx,fy)+o(fx)+o(fy) = 35 < B2 (1) = B(M(x,y))M(x,y).
Case (ii):x=3 and y = 3.
In this case, the inequality (1.5) holds trivially.
Case (iii): x=f and y = 3

In this case, d(fx, fy) + @(fx) + @(fy) = 35 and M(x,y) = 3Z.
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d(fx, fy)+o(fx) +o(fy) = g5 < B()(35) = B(M(x,y))M(x,y).
Hence f is a Geraghty ¢-rational type contraction.

Also we observe that the inequality (1.4) fails to hold.
For, by choosingx =0and y = %‘ we have

d(0.f0)d(3.15

A(f0.£(4)) = £ & 0(0) + 1) = a™ LR 4 7 (0,4) for any @y € [0.1).
i.e., f is not a Jaggi contraction map.

Further, we observe that the inequality (1.3) fails to hold by choosing x =0 and y = %.
For, d(f0,£(3)) = 4 £ B($)% = B(d(0.4))d(0, %) for any € S.
Hence f is not a Geraghty contraction.

Thus we conclude that the class of all Geraghty ¢-rational type contractions is more general

than the class of Jaggi contraction maps.

In Section 2, we prove the existence of fixed points of Geraghty ¢@-rational type contrac-
tion maps in orbitally complete partially ordered metric spaces. In Section 3, we draw some

corollaries from our main results and provide examples in support of our results.

2. MAIN RESULTS

Theorem 2.1. Let (X,d, <) be a partially ordered metric space. Suppose that f: X — X is
a non-decreasing map and xp € X such that xop < fxo. Suppose that f is a Geraghty ¢-rational
type contraction with respect to xo € X and X is f-orbitally complete. Then, the sequence {x,}
defined by x,,+1 = fx,, n=0,1,2,..., is Cauchy in X. Let ’}grgoxn =z, 7€ X. Assume that f is

orbitally continuous at z. Then z is a fixed point of f and ¢(z) = 0.

Proof. Let xp € X be such that xo < fxo. We define {x,} in X such that
X1 = fx,forn=0,1,2,.... (2.1)
Since f is nondecreasing, we have xo <x; <x2 <X ... XX, X1 X een
If x, = x;,+1 for some n, then the conclusion of the theorem trivially holds.
Hence w. 1. g. we assume that x,, # x, for all n.
We denote 7, = d(x,—1,Xn) + @(x4—1) + @(x,) for all n > 0. (2.2)
We consider r,, 1 = d(xp,Xp+1) + @ (xn) + @ (Xn+1)

=d(fxn-1,/%0) + @(fXn-1) + @(fxn)

< B(M (xp—1,x2) ) (M (xXp—1,%2)), (2.3)
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where

M (xp—1,x,) = max{d(x,_1,%) + @ (x4—1) + @ (xn),

(d(xnfl:fxn—l)+§D(xn—l)+¢(fxn—l))(d(xnvfxn)+¢(xn)+¢(fxn))}
d(Xn—1,%n) @ (Xn—1)+¢ ()

= max{rn, r":—::“} = max{rn7rn+1}-

If max{r,,rn+1} = rp+1 then from (2.3) we have

Farl < B(rng 1) T < Tngts

a contradiction.

Hence max{ry,r,+1} = ry,. Hence from (2.3) we have

Fust < B(rn)ra 2.4)
which implies that r,,1| < r,,.

Thus it follows that {r, } is strictly decreasing sequence of non-negative real numbers and hence
nh_rgo ry exists and it is r(say). i.e., r}i_r}xgorn =r>0.

We now show that r = 0.

From (2.1.4), we have

Pt < B(r)r.

On letting n — oo, we have

1 = lim 2 < hm B(rn) <1

n—soo Tn

so that B(r,) — 1 as n — oo. Since B € S, it is follows that

limr, =0. i.e., r=0.
n—oo

Hence }iirgo(d(xn+1,xn) +0(xp11) +@(x,)) =0. i.e.,’}ggod(xn+1,xn) =0 and ,}glgo ¢o(x,) =0.
We now show that {x,} is a Cauchy sequence in X.
Suppose that {x,} is not a Cauchy sequence. Then, there exist an € > 0 and sequences of
positive integers {m(k)} and {n(k)} with m(k) > n(k) > k such that

d(X(k) s Xn(k)) = - (2.5)
We choose m(k), the least positive integer satisfying (2.5). Then, we have
m(k) > n(k) >k with  d(X0), X)) = €, d(Xon(t)—15Xn(r)) < E-
Now by Lemma 1.10, it follows that hm d( m(k)+1%n(k)+1) = E-
Now from (1.5), we have
A (Xom (k)15 %n k )+1)+<P( m(+1) + @ (Xn(k) 1)

=d(fx ) + (X)) + @ (fXnx))
<pM (xm(k)axn(k)))(M (Xim(k) s Xn(k))) s (2.6)
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where

M (X (k) Xn(ky) = max{d (Xp(k), Xn(k)) + @ (X)) + @ (Xn(a))s
(d (X () Xm(k)+1) P X))+ O Xy +1)) (d (X (k) (k) +1 )+<P(xn(k>)+¢(xn(k)+1))}
d (Xt Xn(k)) P ok )+ (k) :
On letting k — oo, from the Lemma 1.10, we get

](lgrgoM(xm(k)vxn(k)) = {870} =é&.

On letting k — oo from (2.6), we have

€ = lim d( m(k)+1Xn(k )+1)+(P(xm(k)+1)+q)(x (k)+1 1)

k—
< I = :
kll_{{)loﬁ( (x, (k),xn(k)))]}glgoM(xm(k),xn()) 1 B(M (1), Xn(r)) )€
Hence

1< ]}i_rgﬁ(M(xm(k),xn(k))) < 1 so that B(M (X (x)s Xn(k))) — 1 as k — oo,
Since B € S, we have M (x,,(x), Xp(x)) — 0 as k — oo ice., € =0,
a contradiction .
Therefore {x,} C O(xop) is a Cauchy sequence in (X,d). Since X is f-orbitally complete, there
exists z € X such that
Tim x, =z. 2.7)
Since ¢ is lower semi continuous, we have
¢(z) <liminf, . ¢(x,) =0.
Hence ¢(z) =
Since f is orbitally continuous at z w.r.t. xg, from (2.1), we have
7= hm N Xy 4] = hm fxn fz.

Th1s complete the proof of the theorem. U

In the following theorem, we relax the orbital continuity of f in Theorem 2.1, and in place of
this hypothesis, we assume the sequential convergence property.
Theorem 2.2.Let (X,d, <) be a partially ordered metric space. Suppose that
f:X — X is anon-decreasing map and xo € X such that xo < fxo. Suppose that fis a ¢ —rational
type contraction with respect to xg € X.

Assume the following:

(i) ifx,y,z € X withx <y < zthend(x,y) < d(x,z) and d(y,z) < d(x,2);
(ii) if {x,} is a non-decreasing sequence converging to z € X, then x,, < z,

for all n; and
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(iii) if {x,} and {y,} are sequences in X with x,, <y, for all n and

limx, =x, limy, =y, x, y€ X thenx <y.
n—soo n—soo

If X is f-orbitally complete then the sequence {x,} defined by

Xpt1 = fxp, n=0,1,2,.... is Cauchy in X. Let li_r}n Xxp =2, Z € X. Then z is a fixed point of f
n—oo

and ¢(z) = 0. Further, f is orbitally continuous at z.

Proof. By the proof of Theorem 2.1, we have {x,} C O(xp) is a Cauchy sequence in (X,d).
Since X is f-orbitally complete, there exists z € X such that
lim x, = z. 2.8)

Since ¢ is lower semi continuous, we have

¢(z) < liminf, . @(x,) = 0.
Hence ¢(z) =0.
Since {x,} is a non-decreasing sequence and x, — z, by (ii) we have x,, < z for all n. Since f is
non-decreasing, we have fx, < fzforalln. i.e., x,..1 X fzforall n. Moreover, as x, <x,+1 = fz
for all n and by using (iii), we get z = fz.
We now define a sequence {y, } as yo =z, yn+1 = fyn,n=0,1,2,.... Then yg = fyo. Since f is
non-decreasing, we obtain that {y,} is a non-decreasing sequence and {y, } is Cauchy (similar
to the argument to show {x,} is Cauchy) y, — y (say), y € X. Again, by condition (ii), we have
v = y. Since x, < z=y9 = fz= fyo =Xy, =Xy for all n, we have x,, <y, for all n, and hence
z Xy (by (iii)).
If x, =y, for some n, then x, < z=y9 = fz= fyo X yn =xn so that fz=z.
Hence we assume that x,, # y,, for all n.

Now, from (1.5) we have

d(anrl»ynJrl) + Qo(anrl) + QD()’nH) = d(fxmfyn) + (p(fxn) + q)(fyn)
where

M (xn,yn) = max{d(x,,yn) + ©(xa) + @ (yn), (d(xn,fxn)+<P(xz;)&fy({)xi)q))giﬁéy(;g<P(yn)+<P(fyn)) 1.

On letting n — oo, we have
,}EI;M(X”’))") =max{d(z,y),0} =d(z,y).
On letting n — o< in (2.9), we have

1= 428 < lim B(M(xy,y,)) < 1 which implies that lim (M (x,,y,)) = 1 and hence
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r}gn M<xna)7n) =0. i'e'7d(zvy) =0.
Hence z =y and we have z X fz=yo 2y, Sy =z

Therefore 7 is a fixed point of f. 0

Now we prove the uniqueness of fixed point of f by using ‘condition (H)’ and it is the
following: Condition (H): For all x,y € X there exists z € X such that x <zandy < z.
Theorem 2.3 In addition to the hypotheses of Theorem 2.1 (Theorem 2.2) if condition (H)

holds, then f has a unique fixed point.

Proof. By Theorem 2.1, we have f has a fixed point. Suppose that x,y € X are two fixed point
of f. By condition (H), there exists z € X such that
x=<zandy =<z
Put 7 = 20, 21 = fzo. and define a sequence {z,,} in X by 2,41 = fz, for all n > 0. Then x =< zg
and y < zo. By using the non-decreasing property of f, we have
Jx = fzo and fy < fzo. Hence x <z and y < z;.
On continuing this process, we have
x=<zpandy <z, forn>0. (2.10)
In (2.10), if x = z,, for some n, then fx = fz, so that x = z,,,1. In fact, we have x =z, form > n
so that lim;, 0027, = X.
If x # z,, foralln =0, 1,2, ... then by using (1.1), we have
d(x,2p41) + @ (X) + (20 41) = d(fx, f20) + 0(fX) + @(f2n)
< B(M(x,2))M(x,20), (2.11)
where

M(x,z,) = max{d(x,2,) + @(x) + ¢(zn), (d(xvfx)+<P(X);(_‘igﬁg)l((;l((gfgéj)fp(h)+<P(f2n)) 1)
=max{d(x,z,) + ¢©(z,),0} = d(x,z,) + ¢(z,), and hence
d(x,zn41) + Q(2nt1) < B(d(x,20) + @(20))(d (x,20) + @(20)).

On letting n — o in (2.11), we get

d(x,z) < lim B(d(x,z,) + @(zn))d(x,z), which implies that either

d(x,z) =0 or B(d(x,z,)) = 1.

Therefore lim,,_se0 2, = X. (2.12)
By applying the similar argument to the sequence {z, } and y, it follows that

limy, ez = . (2.13)
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From (2.12) and (2.13) we have x = y and the conclusion of the theorem follows.

3. COROLLARIES AND EXAMPLES

We deduce the following corollaries from the main results of Section 2.
Corollary 3.1. Let (X, <) be a partially ordered set and d a metric on X. Suppose that f: X — X
is a non-decreasing map and xp € X such that xop < fxo. Suppose that there exists a constant

B € S such that

d(fx, fy) < B(M(x,y))M(x,y), (3.1)
where
M(x,y) = max{d(x,y), (fx—} for all x,y € O(xg) with x <y and x # y.

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by
Xpt+1 = fxn, n=0,1,2,...;1s Cauchy in X. Let li_r)n Xxp =2z, 2 € X. Suppose that f is orbitally
n—oo

continuous at z. Then z is a fixed point of f.

Proof. The inequality (3.1) implies the inequality (1.5) with ¢ =0 on X, and hence the conclu-

sion of the corollary follows from Theorem 2.1. U

Corollary 3.2. Let (X,d, <) be a partially ordered metric space. Suppose that f : X — X is a

non-decreasing map and xp € X such that xo < fxo and 8 € S such that

d(fx,fy) gﬁ(M(x,y))M(x,y), (32)

where

M(x,y) = max{d(x,y), M} for all x,y € Uy =< fx,, xoexO(x0) with x <y and x # y. As-

sume the following:
(i) if x,y,z € X withx <y < zthen d(x,y) < d(x,z) and d(y,z) < d(x,2);
(ii) if {x,} is a non-decreasing sequence converging to z € X, then x, < z,
for all n; and
(iii) if {x,} and {y,} are sequences in X with x, < y,, for all n and

lim x, = x, l1my,, v, x, y€ X thenx < y.

n—eo
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Assume that X is f-orbitally complete. Then, the sequence {x,} defined by
Xp+1 = fx,, n=0,1,2,..., 1s Cauchy in X. Let lim x, =z, z € X.

n—soo

Then z is a fixed point of f.

Proof. The inequality (3.2) implies the inequality (1.5) with ¢ = 0 on X, and hence the conclu-

sion of the corollary follows from Theorem 2.2. UJ

In the following, we provide examples in support of the results proved in Section 2.
Example 3.3. Let X = [0,2) with the usual metric. We define partial order < on X by <:=

{(x,y) eX xX :x=y}U{(x,y)/x,y € X, x 2y < x>y, where > is the usual order}.
(

0 if x=0
L ifxe[s1)
We define f: X — X by fx=¢ % ifxe[i,%)
2n1+2 if xe [znlJrlszn)m >2
| 2—x ifxe(L,2).

We define ¢ : X — [0,00) by @(x) = { 3
0
and §:[0,00) = [0, 1) by B(r) =,
12
)

Letxo = § 3 then xp < fxo. Here O(x

0(x0) = O(x0) U{0}.

The following four cases arise to verify the inequality (1.5).

L g = (UL /> 5) and

Case (i): x = % andy =
In this case, d(fx, fy) + <fx> +p(fy) = 0 and M(x.y) = 1.
d(fx,fy)+@(fx) +0(fy) = 55 < B(33)(33) = B(M(x,y))M(x,y).

y)
Case (ii): x = 35 andy-zl i>5.
i 4
f ) (fy) 3 21+3 and M(X y) 33221—0—% *
i 4 i_n4
3 2z+3 — B(3_“;22i+% )(3:521'—0—% ) = ﬁ(M(X,y))M(X,y)
i > 5. In this case,
i 4
3 21+3 and M(X y) 123221+32 .
3 i A4 Y
33221+% ﬁ ( 123..22i+32 )( 1%’221#32 ) = ﬁ (M(X,y) )M(x7y)

In this case, d(fx, fy) + @
d(fx,fy)+o(fx)+o(f
Case (ii)): x=3 and y =
d(fx, fy) +o(fx)+o(f
d(fx, fy) +o(fx)+o(f

—~

y) =
1
207
y) =
y) =
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Case(iv)x——andy— i>5and j>i.

5,
In this case, d(fx, fy)+ @(fx) + o(fy) = % 2;,+, and M(x,y) = % 2’2,3_;2i.
d(fx, )+ 9(fx) + o(fy) = 577 < B(A25E5) (A2552) = B(M(x,y)M(x.y).
Hence, all the hypotheses of Theorem 2.1 hold and 0, 1 are two fixed point of f in W. Also
¢(0)=0.
Here, we observe thatatx =0andy =1

d(f0,£1) =1 £ a(0) +y(1) = a LI 4 ya(0,1),

Hence, the inequality (1.4) does not hold for any ¢ and y. i.e., f is not a Jaggi contraction map.
Therefore Theorem 1.6 is not applicable.
Thus, it suggests that Theorem 2.1 is a generalization of Theorem 1.6.

Also, we observe that at x = 0 and y = 1 we have
d(f0,f1) =1« B(1).1=Bd(0,1)d(1,0).
Hence, the inequality (1.3) does not hold for any . i.e., f is not a Geraghty contraction.
Therefore Theorem 1.5 is not applicable.
Remark 3.4. For x =0 and y = 1, and for any z € X either 0 & z or 1 £ z. Hence condition (H)
of Theorem 2.3 fails to hold and f has more than one fixed point namely O and 1.
Example 3.5. Let X = [0,2) with the usual metric. We define partial order < on X by <:=
{(x,y) e X xX :x=y}U{(x,y)/x,y € X, x Xy < x>y, where > is the usual order}. We
I ifxel0,5]

x—2 ifxe(4,2).
We define ¢ : X — [0,00) by ¢(x) = % for all x € X and

define f: X — X by fx=

0 ift=0
B:l0.) = [0.)by By =1
letiff>0~

Let xo = 1 then xo < fxo, O(xo) = {1,2,4. 5., 4,...} ={1,2} U{g/n > 1} and O(xo) =
O(xp) U{0}.
The following three cases arise to verify the inequality (1.5).
Case (i):x=1andy=3.
In this case, d(fx, fy) + @(fx) + o(fy)
A(Fx. )+ 9(fx) + o) = 3 < PO = B(M(x.y))M(x.).

Case (ii): x = 3 andy = %

=2 and M(x,y) = I3
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In this case, d(fx, fy) + @ (fx)+ @(fy) =
d(fx fy) +<p<fx> +o(fy) = 25 <BG)(

Z
3
i>landj>i.

N—
~— l\)lo.\
B
o,
=
Ral
<
N—
I
W

Case (iii): x = 5; andy = 5,
In this case, d(fx y)+o(fx)+o(fy) = % and M(x,y) = 4;15l3j5i.
d(fx,f3) +9U) +9(fy) = 55535 < B (555) = BMxy)M(x,).

Hence, all the hypotheses of Theorem 2.2 hold and condition (H) holds trivially. Thus, f and X

satisfy the hypotheses of Theorem 2.3 and 0 is the unique fixed point of f in X. Also ¢(0) =
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