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Abstract. The aim of this paper is to prove coupled common fixed point theorem in partially ordered S-metric
spaces with used the notion of a mixed weakly monotone pair of mappings of Gordji ef al. (Fixed Point Theory
Appl. 2012:95, 2012) under (¢, v)-weakly contractive condition.Our results extend and generalize several well-
known results in the literature. Also, an illustrative example and an application for existence of solutions of system

for nonlinear Volterra integral equations are presented to support the obtained results.
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1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle is the most celebrated fixed point theorem. This result
has been generalised in various directions, see [13] -[19]. As a generalisation of metric space
Sedghi et al. [11] generalised metric space to S-metric space. On the other hand, Guo and
Lakshmikantham [5] in 1987 introduced the concept of coupled fixed point. In a recent paper,
Gnana-Bhaskar and Lakshmikantham [1] introduced the concept of mixed monotone property
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for contractive operators of the form F : X x X — X, where X is a partially ordered metric
space, and then established some coupled fixed point theorems. They also illustrated these
results by proving the existence and uniqueness of the solution for a periodic boundary value
problem. Later, Lakshmikantham and Ciri¢ [9] investigated some more coupled fixed point
theorems in partially ordered complete metric spaces. In [4], Gordji et al. have introduced
the concept of a mixed weakly monotone pair of maps and proved some coupled common
fixed point theorems for a contractive-type maps with the mixed weakly monotone property in
partially ordered metric spaces. Recently, Dung [2] generalized the results of Gordji et al. [4]
in the framework of an S-metric space.

The aim of this paper is to prove coupled common fixed point theorem for pair of mixed
weakly monotone maps under (¢, y)-weakly contractive condition in partially ordered S-metric
space. Our result generalize the results of [1], [4], [6]. We support our results by examples. As
an application, the existence of solutions of system for nonlinear Volterra integral equations is
presented.

First, we recall the necessary definitions and results which will be useful for the rest of the
paper.
Definition 1.1. [11] Let X be a nonempty set. A function S : X> — [0,0) is said to be an
S-metric on X, if for each x,y,z,a € X,
(1) S(x,y,z) =0ifand only if x =y =z,
(2) S(x,y,z) < S(x,x,a) +S(y,y,a) +S(z,z,a).

The pair (X, S) is called an S-metric space.

Example 1.2. [11] We can easily check that the following examples are S-metric spaces.

(1) Let X =R" and || - || be a norm on X. Then S(x,y,z) = ||y +z—2x|| + ||y — z|| is an
S-metric on X. In general, if X is a vector space over R and || - || is a norm on X. Then

it is easy to see that
S(x,3,2) = [|oy+ Bz — Ax|[+ ]|y — 2],

where a+ 3 = A for every a, > 1, is an S-metric on X .
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(2) Let X be a nonempty set and dy,d, be two ordinary metric on X. Then
S(x,y,z) = di(x,2) +da(y,2),
is an S-metric on X.
Lemma 1.3. [13] Let (X, S) be an S-metric space. Then, we have S(x,x,y) = S(y,y,x), x,y € X.
The following lemma is a direct consequence of Definition 1.2 and Lemma 1.3.
Lemma 1.4. [2] Let (X,S) be an S-metric space. Then
S(x,x,2) < 28(x,x,y) +5(v,3,2)
and
S(x,x,2) <285(x,x,9) +5(2,2,5)
forall x,y,z € X.

Definition 1.5. [12] Let (X, S) be an S-metric space

(1) A sequence {x,} in X converges to x if S(x,,x,,x) — 0 as n — oo, that is for every
€ > 0 there exists no € N such that for n > ng, S(x,,x,,x) < €. This case, we denote by
lim,,_, X, = x and we say that x is the limit of {x,} in X.

(2) A sequence {x,} in X is said to be Cauchy sequence if for each € > 0, there exists
no € N such that S(x,,x,,x,) < € for each n,m > ny.

(3) The S-metric space (X,S) is said to be complete if every Cauchy sequence is convergent.

Definition 1.6. [8] Let (X,S) and (X, S) be two S-metric spaces, and let f : (X, ) — (X,S) be
a function. Then f is said to be continuous at a point a € X if and only if for every sequence x;,
in X, S(xp,%,,a) — 0 implies S(f(x,), f(x,), f(@)) — 0. A function f is continuous at X if and

only if it is continuous at all a € X.

Lemma 1.7. [12] Let (X, S) be an S-metric space. If there exist sequences {x,} and {y,} such

that lim,,_,c X, = x and limy, ey, =y, then lim,,_,co S (X, X, yn) = S(x,x,y).
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Lemma 1.8. [14] Let (X, S) be an S-metric space. If there exists two sequences {x,} and {y,}
such that imy,_,e S(Xy, X, yn) = 0, whenever {x,} is a sequence in X such that limy,_,.x, =1

for somet € X, then lim,_,.y, =t.

Definition 1.9. [1] Let (X, <) be a partially ordered set and f : X x X — X be mapping. We

say that f has the mixed monotone property on X if, for all x,y € X,

x1,x € X,x1 2 x2 = f(x1,y) 2 f(x2,y)

and

yi.y2 € X,y 2y = f(x,y1) = fx,y2)

Definition 1.10. [4] Let (X, <) be a partially ordered set and f,g: X x X — X be two maps.
We say that a pair (f,g) has the mixed weakly monotone property on X if, for all x,y € X, we

have

x 2 f6y), fhx) 2y = flxy) 2g(f(x,y), f(1x)),8(f(x), f(x,¥)) X f(x)

and

x2g(x,y),8(nx) 2y = gxy) 2 f(gx,y),8(»x)), f(g(»x),8(x,y)) = g(»x).

Definition 1.11. [7] The function ¢ : [0,00) — [0,0) is called an altering distance function if

the following properties are satisfied:

(i) ¢ is continuous and nondecreasing ;
() ¢(t) =0<1r=0;
Let ¥ be the set of all the functions y : [0,0) — [0,0) such that lim,_,, y(¢) > 0 for all »r >0

and lim;_,o+ y(t) = 0.

2. MAIN RESULTS

Theorem 2.1. Let (X,=,S) be a partially ordered S-metric space; f,g:X x X — X be two

maps such that

(1) X is complete;
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(2) The pair (f,g) has the mixed weakly monotone property on X;

x0 = f(x0,50),y0 = f(y0,%0) or xo = g(x0,¥0),Y0 = g(vo,%0) for some xgp,yo € X

(3) Suppose there exist ¢ is an altering distance function and vy € ¥ such that

O(S(f(x,¥), f(x,),8(u,v))) < @(max{S(x,x,u),S(y,y,v)})
(21) —V/(maX{S(x,x,u),S(y,y,v)})
forall x,y,u,v € X withx Juandy = v.
(4) f or g is continuous or X has the following property:

i: If x, is an increasing sequence with x, — x, then x, < x for all n € N;

ii: If x, is a decreasing sequence with x,, — x, then x = x,, for all n € N.

Then f and g have a coupled common fixed point in X.

Proof. We prove the theorem in several steps.
Step 1. Let xg,yo € X be arbitrary points such that xo < f(xo,y0) and yo = f(yo,X0) (the case
x0 =< g(x0,y0) and yo = g(yo,xo) is proved similarly by interchanging the roles of f and g).
Taking x; = f(x0,v0),y1 = f(y0,x0). Since (f,g) has the mixed weakly monotone property,

we have

x1 = f(x0,y0) = 8(f(x0,30), f(yo.%0)) = g(x1,1)
and

yi = f(vo,x0) = 8(f (0,%0), f (x0,0)) = g(y1,x1)-

Taking x = g(x1,y1),y2 = g(¥1,x1). Then we have

xy = g(x1,y1) = f(g(x1,31),8(1,x1)) = f(x2,2)

and
y2 :g(}’b?ﬂ) = f(g(y17x1)7g<xlayl)) :f(y27x2)~

Continuously, foralln =0,1,2,..., we put

Xont1 = f(X2m,Y20),  Yont1 = f(VonsX2n)

(2.2) Xont2 = 8(X2nt1,Y2n41),  Yont2 = 8(Von+1,X2n+1)-
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Therefore, we obtain that

(2.3) Xo3xp X Ry RXeecandyo myr Z e myp e

Now, we shall show that {x,} and {y,} are two Cauchy sequences. Since x, < x2,+1 and

Yon = Yan+1, it follows from (2.1) that

O (S(x2n11,X2041,%2042)) = O(S(f(x2n,Y20), F (X2, Y20), 8(X2041,Y2041)))

IA

¢(maX{S(x2nvx2n>x2n+l)7S(y2nay2nay2n+1 )}) -

(2.4) v (max{S(x2n, %21, X2n+1)>S(V2n, Y20, Y2n+1) })-

Analogously to (2.4), we have

O(SO2nt1,Y2n41,Y2m42)) = O(S(f2n%20), f (V2n,X20) 8 V2041, %2041)))

IN

¢ (max{S(yan,y2n:Y2n+1),S(X2n, X2n, X2n+1) }) —

(2.5) y(max{S(yan, Y2 Y2n+1)s S(X2n, X2, X2n+1) })-

For all n > 0, (2.4) and (2.5) combine to give

max{Q (S(x2n+1,%2+1,%20+2)), O (S(V2n+1,Y2n+1,Y2n+2)) }
< ¢(maX{S(x2n7x2n7x2n+l);S()’vayZmyZn—i-l )})

- w<maX{S(y2my2nvy2n+l)aS(x2nax2n7x2n+l)})

but we have

¢ (max{S(x2n11,%2n+1,X2012),S(Y2n41,Y2n41,Y2042) })

= max{Q(S(x2n+1,X2n+1,%2042)), @ (SVon+1,Y2n+1,Y2m+2)) }-
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That is

(2.6) o (max{S(x2n+1,%2n+1,%21+2),S(V2n+1,Y20+1,Y20+2) })
< ¢ (max{S(x2n,X2n,X2n+1), S(Y2n: Y20, Y2n+1) })

- W(maX{S(in,in,X2n+]),S(an,yzn,y2n+1)}).

Similarly, we have

(2.7) ¢ (max{S(x2n,%2m,%2n+1),S(V2n, Y20, Y20+1) })
< (P(maX{S(xanl 7x2n717x2n)75(y2n71 7y2n717y2n)})

— y(max{S(x2u—1,%2—-1,%2),S(V2n—1,Y2n—1,Y2n) })-

Hence, it follows from (2.6) and (2.7), for all n € N, that

(p(maX{S(xi’H-l yXn+1 axn+2)7s(yn—|—l y Yn+1 7)%—0—2)})
S ¢(maX{S(xmxn;xn+l);S()’n;J’n;)’n—i—l)})

- W(max{s(xnaxnuxn+l)>S(ym)’m)’n-i-l)})

Now, denote 8, = max{S(x,,Xn,Xn+1),S(Vn,Vn,Vn+1)} for all n € N. So we have

2.8) O (Gnv1) < 0(8n) — w(Sn).

Since ¢ is non-decreasing, it follows that the sequence J, is monotone decreasing. Therefore,
there is some & > 0 such that lim,, . 0, = 0. We want to show that 6 = 0. Assume on contrary
that 0 > 0. Then taking the limit as n — o (equivalently, 6, — 0) in (2.8), using the fact that
lim,_,, w(¢) > 0 for all » > 0 and ¢ is continuous, we obtain

6(8) = lim (8,11) < lim [0(8,) — (8.)] = 6(8) — lim W(8,) < 9(5)

n—oo 0,—6
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a contradiction. Thus é = 0, that is

2.9 lim max{S(x,,Xn, Xn+1),S(Vn, Yn, Ynt1)} = lim 8, = 0.
n—oo n—oo

Since limy, o max{S (X, X, Xn+1)S(Vns Yns Yntr1)} = 0. That is

r}glgos(xn;xmxwrl) = r}glgos(ynaymynJrl) =0.

Step 2. We prove that {x,} and {y,} are Cauchy sequences in X. Suppose that x,, and y, are
not Cauchy, then there exists € > 0 for which we can find two sequences of positive integers

n(k) and m(k) such that for all positive integer k with n(k) > m(k) > k, we have

€
(2.10) max {S (i) Xn(h)Xm (1) )+ S O V) s (i) } > 7

Furthermore, corresponding to m(k), we can choose n(k) in such a way that it is the smallest

integer with n(k) > m(k) and satisfying (2.10). Then

€
max{S((e)—15%n()-15%m(1))>S Onli) -1 V(15 Ym(1)) } < -

It follows from (2.10) and Lemma 1.4 that

£
2 < max{S(xn(k),xn(k),xm(k)),S(yn(k),)’n(k)d’m(k))}

< max{2S(X(k), Xn(k)s Xn(k)—1) S Xm(k) s Xm(k) s Xn(k)— 1)
2S(yn(k)7yn(k)ayn(k)—l)+S(ym(k)aym(k)7yn(k)—l)}
< ZmaX{S(xn(k)7xn(k)7xn(k)—l)aS(yn(k)vyn(k)ayn(k)—l)}
+max{S (Xp(k)s Xm(k) s Xn(k)—1) s S V(i) s Ym(k) s Yn(k)—1)
€
< =
< 20p)-1t

Taking the limit as k — oo in the above inequality, we have, by (2.9)

lim maX{S(Xn(k),Xn(k),xm(k))7S<yn(k)7yn(k)7ym(k))} =0

k—yo0
which is a contradiction. So {x,} and {y,} are Cauchy sequences in a complete metric space
X. Hence there exist x,y € X such that x, — xand y, — yin X as n — oo.
Step 3. We prove that (x,y) is a coupled common fixed point of f and g. We consider the

following three cases.
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Case 3.1. f is continuous. Thus

xX= r}glgox%—i—l = r}i_rgf(xzn,yzn) = f(}EIC}OXZmnIEI;yZn) = f(x,y)
and

y = lim ya i1 = im f(yan,x20) = f(1im y2,, lim x2,) = f(y, )
Now using (2.1)

P(S(f(x), f(x,y),8(x,y) < ¢(max{S(x,x,x),S(y,y,y)})

—y(max{S(x,x,x),5(y,,5)})
— $(0)—w(0)=0.

Therefore,

(P(S(f(x>y)7f(x7y)7g<x7y))) =0.

Using the property of ¢, we have

S(f(x,y), f(x,y),8(x,y)) = 0.

That is,
S(x,x,g(x,y)) =0.
Thus
g(x,y) =x.

By similar way we can prove that g(y,x) = y. Therefore, (x,y) is a coupled common fixed point
of f and g.

Case 3.2. g is continuous. We can also prove that (x,y) is a coupled common fixed point of
f and g similarly as in Case 3.1.

Case 3.3. X satisfies two assumptions (i) and (if). Then by (2.3) we have x,, < x and y,, =y
for all n € N. By using (2.1) and (2.2), we have

¢(S(x2n+lax2n+l7g(x7y))> = ¢(S(f(x2n7y2n)>f(x2n7y2n)>g(x7y)))
< ¢(maX{S(XZmXZn;x)aS(ay2na:y2n:y)})

—l[/(maX{S()Qn,xzn,x),S(Jzn» 7)’2n7)’)})'
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By taking the limit as n — oo, and using the properties of ¢ and y, we obtain

9 (S(x,x,8(x,y))) < ¢ (max{S(x,x,x),S(,,,5,5)}) = 0.
That is, ¢ (S(x,x,g(x,y))) = 0. So S(x,x,g(x,y)) = 0 and then g(x,y) = x. Now, we have
P(S(f(x,9), f(x,3),8(x,¥)) < ¢(max{S(x,x,x),S(,y,y,¥)})
—y(max{S(x,x,x),S(,y,,5,)})-

Thus, ¢(S(f(x,y), f(x,y),8(x,y))) =0, and then S(f (x,y), f(x,y),8(x,y)) = 0. Therefore, f(x,y) =
g(x,y) = x. In similar way we can get that f(y,x) = g(y,x) = y. This proves that (x,y) is a cou-

pled common fixed point of f and g. UJ

Now, we will show that many results can be deduced from our previous obtained result.

Corollary 2.2. Let (X,=,S) be a partially ordered S-metric space; f,g: X x X — X be two

maps such that

(1) X is complete;
(2) The pair (f,g) has the mixed weakly monotone property on X;

x0 = f(x0,¥0),y0 = f(vo,x0) or xo = g(x0,¥0),Y0 = &(yo,Xo) for some xo,yo € X

(3) Suppose that for all x,y,u,v € X withx 2 uandy > v, we have

=~

(211) S(f(x,y),f(x,y%g(u,v)) < —[S(x,x,u)+S(y,y,v)]

[\S}

where k € [0,1).
(4) f or g is continuous or X has the following property:
i: If x, is an increasing sequence with x, — x, then x, <X x for all n € N;

ii: If x, is a decreasing sequence with x,, — x, then x = x,, for alln € N.

Then f and g have a coupled common fixed point in X.

Proof. If S satisfies (2.11), then S satisfies (2.1) with ¢(¢) =7 and y/(z)

(1 —k)t. Then, the

result follows from Theorem 2.1. L]
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Remark 2.3. Under the assumptions of Theorem 2.1 and Corollary 2.2 , if we set g(u,v) =
f(u,v) for all (u,v), then we obtain an extension of main results of Harjani et al. [6] and

Bhaskar and Lakshmikantham [1] into the structure of S-metric spaces.

Other consequences of our theorem is the following result for mappings with the mixed

weakly monotone property satisfying a contraction of integral type.

Denote by A the set of functions u : [0,00) — [0,0) satisfying the following hypotheses:

(1) u is a Lebesgue-integrable mapping on each compact of [0, o).

(2) For every € > 0, we have [ pi(¢)dt > 0.

Corollary 2.4. Let (X,=,S) be a partially ordered S-metric space; f,g:X x X — X be two
maps such that

(1) X is complete;

(2) The pair (f,g) has the mixed weakly monotone property on X;

x0 = f(x0,¥0),y0 = f(vo,x0) or xo = g(x0,¥0),Y0 = &(yo,X0) for some xo,yo € X

(3) Suppose that for all x,y,u,v € X with x < u andy > v, we have

ui(t)dr < W (1)dt

S(f (). (x,),g(u,v))
/0 pa (2)d —

/max{S(x,x,u) Sy} /max{S(x,x,u) Syyv)}
0

0
(4) f or g is continuous or X has the following property:
i: If x,, is an increasing sequence with x, — x, then x, < x for all n € N;

ii: If x, is a decreasing sequence with x,, — x, then x = x,, for all n € N.

Then f and g have a coupled common fixed point in X.

Proof. Define ¢ (r) = [q p1(t)dt and y(r) = [y 2 (t)dt for all r € [0,0). Then the result follows
from Theorem 2.1. O

Example 2.5. Let (R, =<,S) be a partially ordered complete S-metric space where S(x,y,z) =

ly+2—2x|+|y—z| for all x,y,z € R. Define the altering distance function ¢ : [0,e0) by ¢ (1) = %

and y € ¥ where y(t) = L. Let f,g: R> — R be two maps defined by f(x,y) = —6x_3§+69
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and g(x,y) = W. (f,g) has the mixed weakly monotone property on R. f and g are

continuous. Also for all x,y,u,v € R withx < u and y = v we have

O(S(f(x,2), f(x,),8(m,v))) = ¢2]f(x,y)—g(u,v)|)
24(x—u)—12(y—v)

= g BETWTRUTY,
B |24(x—u)—12(y—v)’
N 432
xX—u y—v
<
- | 18 |+| 36 |
| x—ul| |y—v]
<
< 2max{ TEREST }
1
< l—gmax{Z]x—u\,2|y—v\}
1
< —max{2|x—ul,2|y—v|}

6

1
= gmaX{Z |x—ul,2|y—v|}

1
—gmax{2|x—u\,2\y—v|}
= ¢(max{2[x—ul,2[y—v|})

—y(max{2 [x—ul,2[y—v][})

Then the hypothesis of Theorem 2.1 are holds, so (1,1) is a coupled common fixed point of f
and g.

3. APPLICATION

In this part, we deal with Volterra-type integral equations. We will apply the result of The-
orem 2.1 to prove the existence of solutions of a system of nonlinear integral equations in
complete S-metric space.

Consider the Volterra integral equations in the following system:

) = (1) + [ [k(t5,5()) + 1,5, 5(5) s
3.1) “

Y1) = () + [ [k(1,5(5)) +1005,5(5))lds



COUPLED COMMON FIXED POINTS IN S-METRIC SPACE 13

Denote by X = C([a,b],R) the space of all continuous functions defined on [a,b]. Let S :
X3 — [0,00) be a S-metric space define by S(x,y,z) = ||y +2z — 2x|| + ||y — z|| where ||x —y| =
max,c(q ) [X(t) — ¥(t)|, for all x,y,z € X. We endow X with the partial ordered < given by:
x,y€X,x<y<x(t) <y(t) forall 7 € [a,b]. Obviously, (X, <,S) is a complete S-metric space.

On the other hand, (X, <,S) is regular see [10].

Theorem 3.1. Let X = C([a,b],R) for all t € [a,D]. Assume that

(i) k,1:[a,b]* x R — R are continuous,
(i) ¢ : [a,b] — R is continuous,

(iii) there exists & >0, B < %for allx,ye X, x <y, t € [a,b]

0. < k(t.5,y(s)) — k(t,5.x(s)) < %@m—x(s»,

0 < 1t,5.5(5) ~1(0:5:5(5) < 7205 0(6) (5.

(iv) there exist continuous functions xo,yo : [a,b] — R such that
t
x0(t) < a0)+ [ K(1,5,70(5)) +1(1,5,30(5))Jds,
t
0(t) 2 qle) + [ Kt,5,30() +1(6,5,30(s))Jds:

Then the system of Volterra integral equations 3.1 has a solution in X* = (Cla,b]?,R).

Proof. Define the mappings f,g: X x X — X by

FE)0) = g(n)0) = ale) + [ le,5.5(6)) + 11,5,5(5)))ds

for all x,y € X and ¢ € [a,b]. First, we will prove that f has the mixed monotone property. If

x1 <xpandt € [a,b], we have

PG )0 = F0)0) = [ ke,5,32(6)) = ke, 6)) s,
since x1(t) < xp(¢) for all ¢ € [a,b], and by (iii) we have k(¢,s,x2(s)) > k(t,s,x;(s)). Hence

FOa)(1) = £(n,3)(0), Vi € [a,b]. So

f(x1,y) < fx2,y).



14 FAWZIA SHADDAD, S. M. SALEH

Similarly, for y; <y, and t € [a, ],

FOoy)() = flx,y) () = /at[l(t?Suyl(s))_l(l7s7y2(s))]dsy

since yi (1) < y(t) for all ¢t € [a,b], and by (iii) we have [(z,s,y;(s)) > I(z,s,y2(s)). Hence
fey1)(1) = f(x,y2)(¢), Vt € [a, b]. Then

f(xayl) > f<x7y2)'

Hence, f has the mixed monotone property. Now, for x,y,u,v € X with x <u,y > v we have

S(fO6x), fO6x), fuv) = 2| f () = f(u,v)]| = 2 max. | (o) (1) = f (u,v) (2)].

)0 =) O] = | [ hles5.306) Kl lds-+ [ 10,5,5(6)) = 1e,5.v(s)) s

IN

/ |k(t,s,x(s)) — k(t,s,u(s) ]ds+/ [L(t,s,y(s)) —1(¢,s,v(s))|ds

< /a(b— —v(s)|ds
af t

- (b_a)[/a (5) —u(s)lds + / 3(5) = v(s)lds]
ap

< Gy man () — o)+ max () / ds.

Thus

O(S(fO6,y), f(63), f(w,v)) = (2 max |f(x,y)(r) — f(u,v)(1)])

t€la,b)

= 2max |fCe,y)(8) = f (u,v) (1))

< aB(S(x,x,u) +S(y,yv))

< 20aBmax{S(x,x,u),S(y,y,v)}

= max{S(x,x,u),S(y,y,v)} — (1—20B) max{S(x,x,u),S(y,y,v)}

= ¢ (max{S(x,x,u),S(y,y,v)}) — w(max{S(x,x,u),S(y,y,v)}).
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This show that the mapping f satisfies the contractive condition 2.1 with f = g. Let xo,yo be

the functions in assumption (iv), so we have

xo0 < f(x0,0), yo > f(y0,x0)

Hence, all the hypotheses of Theorem 2.1 are satisfied with ¢(¢) =7, v = (1 —2a3)t where
oa>0,8< ﬁ. Therefore f has a coupled fixed point (x,y) in X, that is the system of integral

equations has a solution. 0
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