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Abstract. Certain maximum theorems can be reformulated to various types of fixed point theorems and conversely.

Based on our Metatheorem, we show that many works of other authors after 2000 can be reformulated. Such
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1. INTRODUCTION

Zorn’s lemma, the Banach contraction principle, Caristi’s fixed point theorem, Ekeland’s

variational principle, and Takahashi’s nonconvex minimization theorem are forceful tools in

nonlinear analysis, control theory, economic theory, and global analysis. These theorems are

extended by a large number of authors. Note that those principles are closely related to order

theoretic fixed point theorems; see [14], [18], [21], [23].
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In 1985-2000, we had published several articles mainly related to the Ekeland variational

principle for approximate solutions of minimization problems and its equivalent formulations

with some applications; see [15]–[20]. From the beginning of such study, we obtained a

Metatheorem for some equivalent statements on maximality, fixed points, stationary points,

common fixed points, and common stationary points. We applied Metatheorem for various

occasions. However, for a long period it was not attracted any other one.

Recently in 2022, we obtained an extended version of Metatheorem in [21] and applied it

to Zorn’s lemma, Banach contraction principle, Nadler’s fixed point theorem, Brézis-Browder

principle, Caristi’s fixed point theorem, Ekeland’s variational principle, Takahashi’s nonconvex

minimization theorem, some others and their variants, generalizations or equivalent formula-

tions. Consequently, we have many new theorems equivalent to known results on fixed point,

common fixed point, stationary point, common stationary point, and others.

In the present article, Section 2 devotes Metatheorem with the proof for completeness and

its direct consequence for pre-ordered sets (Theorem 2.1). In Sections 3–11, by applying

Metatheorem, we obtain logically equivalent formulations of existence of maximal elements

or fixed points in other author’s works after 2000. Such authors are, in the chronological order,

Suzuki [22], Lin-Du [13], Khamsi [12], Eshghinezhat-Fakhar [8], Fierro [9], Alegre-Marin [2],

Al-Homidan-Ansari-Kassay [3], Cotrina-Théra-Zúñiga [5], Alghamd-Alzumi-Shahzad [1], and

possibly some others.

Finally, Section 12 deals with some conclusion.

2. A METATHEOREM RELATED TO THE EKELAND PRINCIPLE

The well-known central result of I. Ekeland [6], [7] on the variational principle for approxi-

mate solutions of minimization problems runs as follows:

Theorem E. (Ekeland [6]) Let V be a complete metric space, and F : V → R∪{+∞} a l.s.c.

function, 6≡+∞, bounded from below. Let ε > 0 be given, and a point u ∈V such that F(u)5

infV F + ε . Then for every λ > 0, there exists a point v ∈ B(u,λ ) such that F(v) 5 F(u) and

F(w)> F(v)− ελ−1d(v,w) for any w ∈V, w 6= v.
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When λ = 1, this is called the ε-variational principle. In order to get some equivalents of

this principle, we obtained a Metatheorem in [15, 17] and its applications in 1985-2000. Later

in 2022 we found a new extended version of the Metatheorem [21]. Now we add its proof for

completeness.

Metatheorem. Let X be a set, A its nonempty subset, and G(x,y) a sentence formula for

x,y ∈ X . Then the following are equivalent:

(i) There exists an element v ∈ A such that G(v,w) for any w ∈ X\{v}.

(ii) If T : A( X is a multimap such that for any x ∈ A\T (x) there exists a y ∈ X\{x}

satisfying ¬G(x,y), then T has a fixed element v ∈ A, that is, v ∈ T (v).

(iii) If f : A→ X is a map such that for any x ∈ A with x 6= f (x), there exists a y ∈ X\{x}

satisfying ¬G(x,y), then f has a fixed element v ∈ A, that is, v = f (v).

(iv) If f : A→ X is a map such that ¬G(x, f (x)) for any x ∈ A, then f has a fixed element

v ∈ A, that is, v = f (v).

(v) If T : A( X is a multimap such that ¬G(x,y) holds for any x ∈ A and any y ∈ T (x)\{x},

then T has a stationary element v ∈ A, that is, {v}= T (v).

(vi) If F is a family of maps f : A→ X satisfying ¬G(x, f (x)) for all x ∈ A with x 6= f (x),

then F has a common fixed element v ∈ A, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : A( X for i ∈ I with an index set I such that ¬G(x,y)

holds for any x ∈ A and any y ∈ Ti(x)\{x}, then F has a common stationary element v ∈ A, that

is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ A\Y there exists a z ∈ X\{x} satisfying

¬G(x,z), then there exists a v ∈ A∩Y .

Here, multimaps have nonempty values and ¬ denotes the negation.

Proof. (i)=⇒(ii): Suppose v /∈ T (v). Then there exists a y ∈ X\{v} satisfying ¬G(v,y). This is

a contradiction.

(ii)=⇒(iii): Clear.
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(iii)=⇒(iv): Clear.

(iv)=⇒(v): Suppose T has no stationary element, that is, T (x)\{x} 6= /0 for any x∈A. Choose

a choice function f on {T (x)\{x} : x ∈ A}. Then f has no fixed element by its definition.

However, for any x ∈ A, we have ¬G(x, f (x)). Therefore, by (iv), f has a fixed element, a

contradiction.

(v)=⇒(vi): Define a multimap T : A( X by T (x) := { f (x) : f ∈F} 6= /0 for all x ∈ A. Since

¬G(x, f (x)) for any x ∈ A and any f ∈ F, by (iv), T has a stationary element v ∈ A, which is a

common fixed element of F.

(vi)=⇒(i): Suppose that for any x ∈ A, there exists a y ∈ X\{x} satisfying ¬G(x,y). Choose

f (x) to be one of such y. Then f : A→ X has no fixed element by its definition. However,

¬G(x, f (x)) for all x ∈ A. Let F= { f}. By (vi), f has a fixed element, a contradiction.

(i)+(vi) =⇒ (vii): By (i), there exists a v ∈ A such that G(v,w) for all w ∈ X\{v}. For each

i ∈ I, by (vi), we have a vi ∈ A such that {vi}= Ti(vi). Suppose v 6= vi. Then G(v,v1) holds by

(i) and ¬G(v,v1) holds by assumption on (vii). This is a contradiction. Therefore v = vi for all

i ∈ I.

(vii) =⇒ (vi): Clear.

(i) =⇒ (viii): By (i), there exists a v ∈ A such that G(v,w) for all w 6= v. Then by the

hypothesis, we have v ∈ Y . Therefore, v ∈ A∩Y .

(viii) =⇒ (i): For all x ∈ A, let

A(x) := {y ∈ X : x 6= y, ¬G(x,y)}.

Choose Y = {x ∈ X : A(x) = /0}. If x /∈ Y , then there exists a z ∈ A(x). Hence the hypothesis of

(vii) is satisfied. Therefore, by (viii), there exists a v ∈ A∩Y . Hence A(v) = /0; that is, G(v,w)

for all w 6= v, which implies (i).

This completes our proof. �

Note that all v′s in (i)–(viii) are the same, and (viii) suggests its location.

As a first application of Metatheorem, we have the following:
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Let (X ,�) be a pre-ordered set; that is, X is a nonempty set and � is reflexive and transitive.

For each x ∈ X , we denote S(x) = {y ∈ X : x� y} and G(x,y) means x� y.

Theorem 2.1. Let x0 ∈ X and A = S(x0). Then the following seven statements are equivalent:

(i) There exists a maximal element v ∈ A such that v� w for any w ∈ X\{v}.

(ii) If T : A( X is a multimap such that for any x ∈ A\T (x) there exists a y ∈ X\{x}

satisfying x� y, then T has a fixed element v ∈ A, that is, v ∈ T (v).

(iii) If f : A→ X is a map such that for any x ∈ A with x 6= f (x), there exists a y ∈ X\{x}

satisfying x� y, then f has a fixed element v ∈ A, that is, v = f (v).

(iv) If f : A→ X is a map such that x� f (x) for any x ∈ A, then f has a fixed element v ∈ A,

that is, v = f (v).

(v) If T : A( X is a multimap such that x � y holds for any x ∈ A and any y ∈ T (x)\{x},

then T has a stationary element v ∈ A, that is, {v}= T (v).

(vi) If F is a family of maps f : A→ X satisfying x � f (x) for all x ∈ A with x 6= f (x), then

F has a common fixed element v ∈ A, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : A( X for i ∈ I with an index set I such that x � y

holds for any x ∈ A and any y ∈ Ti(x)\{x}, then F has a common stationary element v ∈ A, that

is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ A\Y there exists a z ∈ X\{x} such that x� z,

then there exists an element v ∈ A∩Y .

Proof. In Metatheorem, put A := S(x0) and let G(v,w) be the statement v � w. Then each of

(i)–(viii) follows from the corresponding ones in Metatheorem.

This completes our proof. �

Note that we claimed that (i)–(viii) are equivalent in Theorem 2.1 and did not say that they

are true. For a counter-example, the real line does not have any maximal element in the natural

order.



6 SEHIE PARK

From now on, we are going to give several examples or applications or direct consequences

of Metatheorem or Theorem 2.1.

3. SUZUKI (2001) [22]

Suzuki [22] introduced the concept of τ-distance on a metric space, which is a generalized

concept of both w-distance and Tataru’s distance. He also improved the generalizations of the

Banach contraction principle, Caristi’s fixed point theorem, Ekeland’s variational principle, and

the nonconvex minimization theorem according to Takahashi.

Let (X ,d) be a metric space. Then a function p : X ×X → R+ = [0,∞) is called τ-distance

on X if there exists a function η : X×R+→ R+ and the following are satisfied:

(τ1) p(x,z)≤ p(x,y)+ p(y,z) for all x,y,z ∈ X ;

(τ2) η(x,0) = 0 and η(x, t)≥ t for all x ∈ X and t ∈ R+, and η is concave and continuous in

its second variable;

(τ3) limn xn = x and limn sup{η(zn, p(zn,zm)) : m≥ n}= 0 imply p(w,x)≤ liminfn p(w,xn) for

all w ∈ X ;

(τ4) limn sup{p(xn,ym) : m≥ n}= 0 and limn η(xn, tn) = 0 imply limn η(yn, tn) = 0;

(τ5) limn η(zn, p(zn, p(zn,xn)) = 0 and limn η(zn,yn)) = 0 imply limn d(xn,yn) = 0.

After giving this definition, Suzuki [22] showed several examples of τ-distances.

In this section, we derive some equivalent formulations of the main theorems of [22] by

applying our Metatheorem:

Theorem 3.1. Let X be a complete metric space, let p be a τ-distance on X, and let φ : X →

(−∞,∞] be proper lower semicontinuous and bounded from below. Let ε > 0, u ∈ X such that

p(u,u) = 0, and A = {x ∈ X : φ(x)≤ φ(u)− ε p(u,x)}.

Then the following equivalent conditions (i)–(viii) hold:

(i) There exists v ∈ A such that φ(w)> φ(v)− ε p(v,w) for all w ∈ X\{v}.

(ii) If T : A( X is a multimap such that for any x ∈ A\T (x) there exists a y ∈ X\{x}

satisfying φ(y)≤ φ(x)− ε p(x,y), then T has a fixed element v ∈ A, that is, v ∈ T (v).
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(iii) If f : A→ X is a map such that for any x ∈ A with x 6= f x, there exists a y ∈ X\{x}

satisfying φ(y)≤ φ(x)− ε p(x,y), then f has a fixed element v ∈ A, that is, v = f (v).

(iv) If f : A→ X is a map such that φ( f (x))≤ φ(x)− ε p(x, f (x)) for any x ∈ A, then f has

a fixed element v ∈ A, that is, v = f (v).

(v) If T : A( X is a multimap such that φ(y)≤ φ(x)−ε p(x,y) holds for any x ∈ A and any

y ∈ T (x)\{x}, then T has a stationary element v ∈ A, that is, {v}= T (v).

(vi) If F is a family of maps f : A→ X satisfying φ( f (x))≤ φ(x)− ε p(x, f (x)) for all x ∈ A

with x 6= f (x), then F has a common fixed element v ∈ A, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : A( X for i ∈ I with an index set I such that φ(y) ≤

φ(x)− ε p(x,y) holds for any x ∈ A and any y ∈ Ti(x)\{x}, then F has a common stationary

element v ∈ A, that is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ A\Y there exists a z ∈ X\{x} such that

φ(z)≤ φ(x)− ε p(x,z), then there exists an element v ∈ A∩Y .

Proof. Define

x� y i f f φ(y)≤ φ(x)− ε p(x,y)

for any x,y ∈ X . Then Statement (i) holds by Suzuki [22, Theorem 4(ii)]. Therefore, by

Metatheorem, all (i)–(viii) hold. �

Note that, for ε = 1, (iii) reduces to Theorem 3 of [22] and (iv) is a generalization of Caristi’s

theorem, and our Theorem 3.1 can be regarded its equivalent formulations.

In this case, for the fixed point v = f (v), we have p(v,v) = 0 since φ(v) < 0 and φ(v) +

p(v,v) = φ( f (v))+ p(v, f (v))≤ φ(v).

Suzuki noted that a direct consequence of (iv) is a result of Jachymski (1998).

Now, we obtain equivalent formulations of Suzuki’s generalization of Takahashi’s nonconvex

minimization theorem [23] in 1991.

Theorem 3.2. Let X be a complete metric space and let φ : X → (−∞,∞] be a proper l.s.c.

function, bounded from below. Assume that there exists a τ-distance p on X such that for each

u ∈ X with infx∈X φ(x)< φ(u), there exists a v ∈ X\{u} such that φ(v)+ p(u,v)≤ φ(u).
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Then the following equivalent statements hold:

(i) There exists an element v ∈ X such that φ(v) ≤ φ(w) for any w ∈ X\{v}, that is, φ(v) =

infx∈X φ(x).

(ii) If T : X ( X is a multimap such that for any x ∈ X\T (x) there exists a y ∈ X\{x}

satisfying φ(x)> φ(y), then T has a fixed element v ∈ X, that is, v ∈ T (v).

(iii) If f : X → X is a map such that for any x ∈ X with x 6= f (x), there exists a y ∈ X\{x}

satisfying φ(x)> φ(y), then f has a fixed element v ∈ X, that is, v = f (v).

(iv) If f : X→ X is a map such that φ(x)> φ( f (x)) for any x ∈ X, then f has a fixed element

v ∈ X, that is, v = f (v).

(v) If T : X ( X is a multimap such that φ(x) > φ(y) holds for any x ∈ X and any y ∈

T (x)\{x}, then T has a stationary element v ∈ X, that is, {v}= T (v).

(vi) If F is a family of maps f : X → X satisfying φ(x)> φ( f x) for all x ∈ X with x 6= f (x),

then F has a common fixed element v ∈ X, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : X(X for i∈ I with an index set I such that φ(x)> φ(y)

holds for any x ∈ A and any y ∈ Ti(x)\{x}, then F has a common stationary element v ∈ X, that

is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ X\Y there exists a z ∈ X\{x} satisfying

φ(x)> φ(z), then there exists a v ∈ X ∩Y = Y .

Proof. Notice that (i) is the generalization of Takahashi’s theorem given by Suzuki [22, Theo-

rem 5]. In Metatheorem, let G(v,w) be the statement φ(v)≤ φ(w) and let A = X . Then each of

(i)–(viii) follows from the corresponding ones in Metatheorem. This completes our proof. �

Note that Corollary 4 [22] is the particular form of (i) for max{d( f (u),v),d( f (u), f (v))}

instead of p(u,v). In this case, Suzuki said (i) slightly generalize results of Takahashi (1993),

Ume (1994), and Kim et al. (1997).

Later in 2010, motivated by Suzuki, Wu [24] extended Caristi-Kirk’s fixed point theorem,

Ekeland’s variational principle, and Takahashi’s minimization theorem in a complete metric
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space by replacing the distance with a τ-distance. In addition, these extensions were shown

to be equivalent. When the τ-distance is l.s.c. in its second variable, they are applicable to

establish more equivalent results about the generalized weak sharp minima and error bounds,

which are in turn useful for extending some existing results such as the petal theorem.

In fact, there are several maximum theorems in [24], which can be applicable Metatheorem.

4. LIN AND DU (2006) [13]

Lin and Du [13] introduced the τ-function which generalizes the w-distance. They estab-

lished a generalized Ekeland’s variational principle in the setting of lower semi-continuous

from above and τ-functions. As applications of their Ekeland variational principle, they de-

rived generalized Caristi’s (common) fixed point theorems, a generalized Takahashi’s noncon-

vex minimization theorem, a nonconvex minimax theorem, a nonconvex equilibrium theorem

and a generalized flower petal theorem for l.s.c. from above functions or l.s.c. functions in

the complete metric spaces. They also proved that these theorems also imply their Ekeland

variational principle.

Throughout this section, unless specified otherwise, (X ,d) is a metric space and ϕ :

(−∞,∞]→ (0,∞) is a nondecreasing function.

An extended real-valued function f : X → (−∞,∞] is said to be

(i) lower semicontinuous from above (in short lsca) at x0 ∈ X if for any sequence {xn} in X

with xn→ x0 and f (x1)≥ f (x2)≥ ·· · ≥ f (xn)≥ ·· · implies that f (x0)≤ limn→∞ f (xn);

(ii) upper semicontinuous from below (in short uscb) at x0 ∈ X if for any sequence {xn} in X

with xn→ x0 and f (x1)≤ f (x2)≤ ·· · ≤ f (xn)≤ ·· · implies that f (x0)≥ limn→∞ f (xn).

The function f is said to be lsca (resp. uscb) on X if f is lsca (resp. uscb) at every point of X .

The function f is said to be proper if f 6≡ ∞. The following definition of τ-function is different

from the definition of τ-distance, it is a generalization of w-distance in [10].

Definition. A function p : X×X→ [0,∞) is called a τ-function if the following conditions hold:

(τ1) for all x, y, z ∈ X , p(x,z)≤ p(x,y)+ p(y,z);

(τ2) if x ∈ X and {xn} in X with limn→∞ yn = y and p(x,yn)≤M for some M = M(x)> 0, then

p(x,y)≤M;
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(τ3) for any sequence {xn} in X with limn→∞ sup{p(xn,xm) : m > n} = 0, and if there exists a

sequence {yn} in X such that limn→∞ p(xn,yn) = 0, then limn→∞ d(xn,yn) = 0;

(τ4) for x, y, z ∈ X , p(x,y) = 0 and p(x,z) = 0 imply y = z.

It is known [10] that if p is a w-distance on X ×X , then for all x, y, z ∈ X , p(x,y) = 0 and

p(x,z) = 0 imply y = z.

Remark. Every w-distance, introduced and studied by Kada et al. [10], is a τ-function.

After such preparation, Lin and Du [13] in 2006 obtained the following generalization of

Ekeland’s variational principle for l.s.c. from above functions:

Theorem 4.1. (Lin-Du) Let g : X → (−∞,∞] be a proper lsca and bounded below function and

p be a τ-function on X ×X. Then there exists v ∈ X such that p(v,x) > ϕ(g(v))(g(v)− g(x))

for all x ∈ X\{v}.

Now we apply our Metatheorem to Theorem 4.1:

Theorem 4.2. Let g : X → (−∞,∞] be a proper lsca and bounded below function and p be a

τ-function on X×X.

Then the following equivalent statements hold:

(i) There exists an element v ∈ X such that v ∈ X such that p(v,w) > ϕ(g(v))(g(v)− g(w))

for any w ∈ X\{v}.

(ii) If T : X ( X is a multimap such that for any x ∈ X\T (x) there exists a y ∈ X\{x}

satisfying p(x,y)≤ ϕ(g(x))(g(x)−g(y)), then T has a fixed element v ∈ X, that is, v ∈ T (v).

(iii) If f : X → X is a map such that for any x ∈ X with x 6= f (x), there exists a y ∈ X\{x}

satisfying p(x,y)≤ ϕ(g(x))(g(x)−g(y)), then f has a fixed element v ∈ X, that is, v = f (v).

(iv) If f : X→ X is a map such that p(x, f (x))≤ ϕ(g(x))(g(x)−g( f (x))) for any x∈ X, then

f has a fixed element v ∈ X, that is, v = f (v).

(v) If T : X( X is a multimap such that p(x,y)≤ ϕ(g(x))(g(x)−g(y)) holds for any x ∈ X

and any y ∈ T (x)\{x}, then T has a stationary element v ∈ X, that is, {v}= T (v)
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(vi) If F is a family of maps f : X → X satisfying p(x, f (x)) ≤ ϕ(g(x))(g(x)− g( f (x))) for

all x∈ X with x 6= f (x), then F has a common fixed element v∈ X, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : X ( X for i ∈ I with an index set I such that

p(x,y)≤ ϕ(g(x))(g(x)−g(y)) holds for any x∈ X and any y∈ Ti(x)\{x}, then F has a common

stationary element v ∈ X, that is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ X\Y there exists a z ∈ X\{x} satisfying

p(x,z)≤ ϕ(g(x))(g(x)−g(z)), then there exists a v ∈ X ∩Y = Y .

Proof. Recall that (i) holds by Theorem 4.1. Since (i)–(viii) are logically equivalent by Metathe-

orem. This completes our proof. �

Note that (viii) simply tells that Y is nonempty when X = A in Metatheorem and the location

of the common point v.

As a first application of their generalized Ekeland variational principle, Lin and Du [13]

derived the following generalization of Caristi’s theorem for a family of multimaps:

Theorem 4.3. Let p and g be the same as in Theorem 4.1. Let I be any index set and for each

i ∈ I, let Ti : X( X be a multimap such that for each x ∈ X, there exists y = y(x, i) ∈ Ti(x) with

p(x,y)≤ ϕ(g(x))(g(x)−g(y)).

Then there exists v ∈ X such that v ∈
⋂

i∈I Ti(v), that is, the family of multimaps {Ti}i∈I has a

common fixed point in X, and p(v,v) = 0.

In [13], Corollary 2.1 is an equivalent form of Theorem 2.2 for a family of single-valued

maps. Therefore, we have Theorem 4.2(vii)=⇒ Theorem 2.2 [13] =⇒ Corollary 2.1 [13] =⇒

Theorem 4.2(vi). Hence they are all equivalent.

5. KHAMSI (2010) [11]

In [11], Khamsi gave a characterization of the existence of minimal elements in partially

ordered sets in terms of fixed point of multimaps. This characterization shows that the assump-

tions in Caristi’s fixed point theorem can, a priori, be weakened.
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Theorem 5.1. (Khamsi) Let (A,≺) be a partially ordered set. Then the following statements

are equivalent:

(1) A contains a minimal element a ∈ A, that is, b≺ a implies b = a.

(2) Any multimap T : A( A such that for any x ∈ A, there exists y ∈ T (x) with y ≺ x, has a

fixed point.

Note that this follows from Theorem 2.1 (i), (ii) or more earlier versions of Metatheorem in

1985-1986.

Again from Khamsi [12]: Let (M,d) be a metric space and φ : M → [0,∞) be a function.

Define the partial order ≺φ (due to Brøndsted) on M by

x≺φ y i f f d(x,y)≤ φ(y)−φ(x)

for any x,y ∈M.

Theorem 5.2. Let (M,d) be a metric space and φ : M → [0,∞) be a function. Consider the

poset (M,≺).

The following equivalent statements holds:

(i) (M,≺) has a minimal element v ∈M.

(iii) Any map f : M→M such that for all x ∈M

d(x, f (x))≤ φ(x)−φ( f (x)) (i.e. f (x)≺φ x)

fixes v, i.e. f(v) = v.

Proof. Note that (i) is proved by Khamsi [11]. Therefore, each of the equivalent (i)–(viii) of

Theorem 2.1 holds. �

Note that Khamsi [11, Corollary 1] proved only (i) =⇒ (iii). This corollary can be a general-

ization of Caristi’s result.

Further Khamsi [11] assumed that η : [0,∞)→ [0,∞) is nondecreasing, continuous, such that

there exist c > 0 and δ0 > 0 such that for any t ∈ [0,δ0] we have η(t) ≥ ct. Because η is

continuous, then there exists ε0 > 0 such that η−1([0,ε0])⊂ [0,δ0].

Under these assumptions Khamsi obtained the following (i):
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Theorem 5.3. Let M be a complete metric space. Define the relation ≺ by

x≺ y⇐⇒ η(d(x,y))≤ φ(y)−φ(x)

where η and φ satisfy all the above assumptions. Then

(i) (M,≺) has a minimal element v ∈M, i.e. if w≺ v then we must have w = v.

(ii) If T : M ( M is a multimap such that for any x ∈ M\T (x) there exists a y ∈ X\{x}

satisfying η(d(x,y))≤ φ(x)−φ(y), then T has a fixed element v ∈ A, that is, v ∈ T (v).

(iii) If f : M→M is a map such that for any x ∈M with x 6= f (x), there exists a y ∈ X\{x}

satisfying η(d(x,y))≤ φ(x)−φ(y), then f has a fixed element v ∈M, that is, v = f (v).

(iv) If f : M→M is a map such that η(d(x, f (x)))≤ φ(x)−φ( f (x)) for any x ∈M, then f

has a fixed element v ∈M, that is, v = f (v).

(v) If T : M(M is a multimap such that η(d(x,y))≤ φ(x)−φ(y) holds for any x ∈M and

any y ∈ T (x)\{x}, then T has a stationary element v ∈M, that is, {v}= T (v).

(vi) If F is a family of maps f : M→ M satisfying η(d(x, f (x))) ≤ φ(x)− φ( f (x)) for all

x ∈M with x 6= f (x), then F has a common fixed element v ∈M, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : M ( M for i ∈ I with an index set I such that

η(d(x,y)) ≤ φ(x)− φ(y) holds for any x ∈ M and any y ∈ Ti(x)\{x}, then F has a common

stationary element v ∈M, that is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of M such that for each x ∈ M\Y there exists a z ∈ M\{x} such that

η(d(x,z))≤ φ(x)−φ(z), then there exists an element v ∈M∩Y = Y .

Proof. In Metatheorem, put X = A = M and let G(x,y) be the statement η(d(x,y)) > φ(x)−

φ(y). Then each of (i)–(viii) follows from the corresponding ones in Metatheorem. Since (i)

was proved by Khamsi, this completes our proof. �
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6. ESHGHINEZHAT AND FAKHAR (2013) [8]

In [8], some extensions of the Ekeland variational principle in metric spaces are given for a

generalized pseudodistance. As an application the authors obtained Caristi’s fixed point theo-

rem. Then, by using this result, the authors established some fixed point theorems for set-valued

contractive maps.

Definition 6.1. Assume that (X ,d) is a metric space. A function w : X ×X → R+ is called a

generalized pseudodistance on X if the following conditions hold.

(w1) (triangle inequality) w(x,z)≤ w(x,y)+w(y,z), for all x,y,z ∈ X .

(w2) For any sequence (xn) in X such that limn→∞ supm>n w(xn,xm) = 0,

if there exists a sequence (yn) in X satisfying limn→∞ w(xn,yn) = 0,

then limn→∞ d(xn,yn) = 0.

Throughout this section, let (X ,d) be a metric space, w be a generalized pseudodistance on

X , and f : X×X → R be a function satisfying the condition:

(A) max{ f (x,z), f (z,y)} ≤ 0 =⇒ f (x,y)≤ f (x,z)+ f (z,y), f or x,y,z ∈ X .

After giving such preparation, the following is given as [8, Theorem 2.8]:

Theorem 6.2. Let η : [0,∞)→ [0,∞) and η(t)> 0 for all t > 0.

Then the following statements are equivalent:

(I) There exists x̄ ∈ X such that

f (x̄,x)+η(w(x̄,x))> 0 ∀x 6= x̄.

(II) If T : X ( X is a multimap such that

∀x ∈ X ∃y ∈ T x such that f (x,y)+η(w(x,y))≤ 0,

then T has a fixed point.

This can be improved by our Metatheorem as follows:

Theorem 6.3. Let A be a nonempty subset of (X ,d) and η : [0,∞)→ [0,∞) and η(t)> 0 for all

t > 0.



APPLICATIONS OF VARIOUS MAXIMUM PRINCIPLES 15

Then the following statements are equivalent:

(i) There exists v ∈ A such that

f (v,x)+η(w(v,x))> 0 ∀x 6= v.

(ii) If T : A( X is a multimap such that for any x ∈ X\T (x) there exists a y ∈ X\{x}

satisfying f (x,y)+η(w(x,y))≤ 0, then T has a fixed element v ∈ A, that is, v ∈ T (v).

(iii) If g : A→ X is a map such that for any x ∈ X with x 6= g(x), there exists a y ∈ X\{x}

satisfying f (x,y)+η(w(x,y))≤ 0, then g has a fixed element v ∈ A, that is, v = g(v).

(iv) If g : A→ X is a map such that f (x,g(x))+η(w(x,g(x)))≤ 0 for any x ∈ X, then g has

a fixed element v ∈ A, that is, v = g(v).

(v) If T : A( X is a multimap such that f (x,y)+η(w(x,y)) ≤ 0 holds for any x ∈ A and

any y ∈ T (x)\{x}, then T has a stationary element v ∈ A, that is, {v}= T (v).

(vi) If F is a family of maps g : A→ X satisfying f (x,g(x))+η(w(x,g(x)))≤ 0 for all x ∈ X

with x 6= g(x), then F has a common fixed element v ∈ A, that is, v = g(v) for all g ∈ F.

(vii) If F is a family of multimaps Ti : A( X for i ∈ I with an index set I such that f (x,y)+

η(w(x,y)) ≤ 0 holds for any x ∈ A and any y ∈ Ti(x)\{x}, then F has a common stationary

element v ∈ A, that is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ A\Y there exists a y ∈ X\{x} satisfying

f (x,y)+η(w(x,y))≤ 0, then there exists a v ∈ A∩Y .

Note that this holds by Metatheorem and, for A = X , (i) reduces to Theorem 6.2(I) and (II)

implies (ii).

7. FIERRO (2015) [9]

In the context of TVS-cone metric spaces, Fierro [9] proved a Bishop-Phelps and a Caristi

type theorem. These results allow him to prove a fixed point theorem for (δ ,L)-weak contrac-

tion according to a pseudo Hausdorff metric defined by means of a cone metric.
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Let E be a topological vector space with θ as zero element and usual notations for addition

and scalar product. Given a cone P of E, a partial order is defined on E as x � y, if and only if

y−x ∈ P. We denote by x≺ y whenever x� y and x 6= y. In the sequel, (X ,d) stands for a cone

metric space; see Fierro [9].

A function ϕ : X → E is lower semicontinuous, if and only if, for any α ∈ E, the set {x ∈ X :

ϕ(x)� α} is closed. For this function, a Brønsted type order �ϕ is defined on X as follows:

x�ϕ y iff d(x,y)� ϕ(x)−ϕ(y).

It is easy to see that �ϕ is in effect a partial order relation on X .

In the sequel, L S (X) stands for the space of all lower semicontinuous and bounded below

functions X → E.

Theorem 7.1. Suppose X is d-complete, ϕ ∈L S (X), and x0 ∈ X with A = {x ∈ X : x0 � x}.

Then the following equivalent statements hold.

(i) There exists a maximal element v ∈ A such that v � w or d(v,w) � ϕ(v)−ϕ(w) for any

w ∈ X\{v}.

(ii) If T : A( X is a multimap such that for any x ∈ A\T (x) there exists a y ∈ X\{x}

satisfying d(x,y)� ϕ(x)−ϕ(y), then T has a fixed element v ∈ A, that is, v ∈ T (v).

(iii) If f : A→ X is a map such that for any x ∈ A with x 6= f (x), there exists a y ∈ X\{x}

satisfying d(x,y)� ϕ(x)−ϕ(y), then f has a fixed element v ∈ A, that is, v = f (v).

(iv) If f : A→ X is a map such that d(x, f (x))� ϕ(x)−ϕ( f (x)) for any x ∈ A, then f has a

fixed element v ∈ A, that is, v = f (v).

(v) If T : A( X is a multimap such that d(x,y)� ϕ(x)−ϕ(y), holds for any x ∈ A and any

y ∈ T (x)\{x}, then T has a stationary element v ∈ A, that is, {v}= T (v).

(vi) If F is a family of maps f : A→ X satisfying d(x, f (x))� ϕ(x)−ϕ( f (x)), for all x ∈ A

with x 6= f x, then F has a common fixed element v ∈ A, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : A( X for i ∈ I with an index set I such that d(x,y)�

ϕ(x)−ϕ(y), holds for any x∈A and any y∈ Ti(x)\{x}, then F has a common stationary element

v ∈ A, that is, {v}= Ti(v) for all i ∈ I.
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(viii) If Y is a subset of X such that for each x ∈ A\Y there exists a z ∈ X\{x} such that

d(x,z)� ϕ(x)−ϕ(z), then there exists an element v ∈ A∩Y .

Proof. Note that (i), (ii), (v) are Theorems 5. 6(6.1), (6.2) of [9], resp. Hence, by Metatheorem

or Theorem 2.1, we have the conclusion. �

Note that (ii), (iv) and (v) are generalized versions of Caristi’s theorem. Moreover, Fierro [9,

Theorem 8] deduced a cone metric version of the nonconvex minimization theorem of Takahashi

from (i).

8. ALEGRE AND MARIN (2016) [1]

Alegre and Marin [1] introduced the notion of modified w-distance (mw-distance) on a quasi-

metric space which generalizes the concept of quasi-metric. They obtained a fixed point theo-

rem for generalized contractions with respect to mw-distances on complete quasi-metric spaces.

Theorem 8.1. Let f be a self-map of a complete quasi-metric space (X ,d). If there exists a

strong-mw-distance q on (X ,d) and a Jachymski function φ : R+→ R+ such that φ(t) < t for

all t > 0, and

q( f (x), f (y))≤ φ(q(x,y)), f or all x,y ∈ X ,

then f has a unique fixed point z ∈ X. Moreover q(z,z) = 0.

From this we obtain our routine equivalent formulation by our Metatheorem. We only show

the case (i):

Theorem 8.2. Under the hypothesis of Theorem 8.1, we have equivalency of Metatheorem

(i)–(viii). For example,

(i) There exists a maximal element v ∈ A such that

v� w or q( f (v), f (w))> φ(q(v,w))

for any w ∈ X\{v}.
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9. AL-HOMIDAN, ANSARI, AND KASSAY (2019) [3]

In [3], the authors established Takahashi’s minimization theorem in the setting of quasi-

metric spaces and provide its equivalence with Ekeland’s variational principle given in Cobzaş

[4] in 2011. After sufficient preparation, the authors stated the following:

Cobzaş [11] established the following Caristi-Kirk fixed point theorem for multimaps in the

setting of quasi-metric spaces.

Theorem 9.1. Let (X ,ρ) be a quasi-metric space, T : X ( X be a multimap with nonempty

values and ϕ : X → R be a function. If (X ,ρ) is right ρ-K-complete and ϕ is bounded below

and ρ-lower semicontinuous such that the condition

∀x ∈ X , ∃y ∈ T (x) : ρ(x,y)≤ ϕ(x)−ϕ(y)

is satisfied, then T has a fixed point v ∈ X.

If the condition

∀x ∈ X ,∀y ∈ T (x) : ρ(x,y)≤ ϕ(x)−ϕ(y)

is satisfied, then T has an invariant point in X, that is, there exists v ∈ X such that {v}= T (v).

This gives an excellent example our Metatheorem as follows:

Theorem 9.2. Under the hypothesis of Theorem 9.1, the following equivalent statements hold:

(i) There exists an element v ∈ X such that ρ(v,w)> ϕ(v)−ϕ(w) for any w ∈ X\{v}.

(ii) If T : X ( X is a multimap such that for any x ∈ X\T (x) there exists a y ∈ X\{x}

satisfying ρ(x,y)≤ ϕ(x)−ϕ(y), then T has a fixed element v ∈ X, that is, v ∈ T (v).

(iii) If f : X → X is a map such that for any x ∈ X with x 6= f (x), there exists a y ∈ X\{x}

satisfying ρ(x,y)≤ ϕ(x)−ϕ(y), then f has a fixed element v ∈ X, that is, v = f (v).

(iv) If f : X → X is a map such that ρ(x, f (x)) ≤ ϕ(x)−ϕ( f (x)) for any x ∈ X, then f has

a fixed element v ∈ X, that is, v = f (v).

(v) If T : X ( X is a multimap such that ρ(x,y)≤ ϕ(x)−ϕ(y) holds for any x ∈ X and any

y ∈ T (x)\{x}, then T has a stationary element v ∈ X, that is, {v}= T (v)
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(vi) If F is a family of maps f : X → X satisfying ρ(x, f (x))≤ ϕ(x)−ϕ( f (x)) for all x ∈ X

with x 6= f (x), then F has a common fixed element v ∈ X, that is, v = f (v) for all f ∈ F.

(vii) If F is a family of multimaps Ti : X( X for i ∈ I with an index set I such that ρ(x,y)≤

ϕ(x)−ϕ(y) holds for any x∈X and any y∈ Ti(x)\{x}, then F has a common stationary element

v ∈ X, that is, {v}= Ti(v) for all i ∈ I.

(viii) If Y is a subset of X such that for each x ∈ X\Y there exists a z ∈ X\{x} satisfying

ρ(x,z)≤ ϕ(x)−ϕ(z), then there exists a v ∈ X ∩Y = Y .

Proof. Note that (ii) and (v) hold by Theorem 9.1. Since (i)–(viii) are logically equivalent by

Metatheorem, this completes our proof. �

10. COTRINA, THÉRA, AND ZÚÑIGA (2020) [5]

The paper [5] deals with the existence of solutions to equilibrium and quasi-equilibrium prob-

lems without any convexity assumption. Coverage includes some equivalences to the Ekeland

variational principle for bifunctions and basic facts about transfer lower continuity. An applica-

tion is given to systems of quasi-equilibrium problems.

Theorem 10.1. ([5]) Let C be a nonempty closed subset of the complete metric space (X ,d),

and h : C→ R be a function bounded from below. For every ε > 0, and for any x0 ∈C, there

exists x̂ ∈C such that

h(x̂)+ εd(x0, x̂)≤ h(x0), and

h(x)+ εd(x, x̂)> h(x̂), for all x ∈C\{x̂}.

This can be reformulated to the following:

Theorem 10.2. Let (M,d) be a complete metric space, and h : M→ R be a function bounded

from below. For every ε > 0, let

x� y in M iff h(x)+ εd(x,y)≤ h(y)

and for any x0 ∈C, let A = {x ∈M : x� x0}.

Then the following equivalent statements hold:
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(i) There exists v ∈ A such that w� v or

h(w)+ εd(w,v)> h(v) f or all w ∈M\{v}.

(ii)–(viii) Same as in Metatheorem.

Proof. Note that (i) holds by Theorem 10.1. Hence Theorem 10.2 follows from Metatheorem.

�

Note that some equivalent formulations and applications of Theorem 10.1 are given in [5].

11. ALGHAMDI, ALZUMI, AND SHAHZAD (2020) [1]

The aim of [1] is to obtain variants of the nonconvex minimization theorem and the Caristi

fixed point theorem in quasi-metric spaces. The authors also proved a generalized Ekeland

variational principle. Their results generalize the results of Kada, Suzuki and Takahashi [10],

Park [20] and some others by using w-distance.

The following is [1, Theorem 5.1]:

Theorem 11.1. ([1]) Let (X ,ρ) be a ρ-sequentially complete quasi-metric space, ϕ : X →R be

a ρ-lower semicontinuous and bounded below function, and p be a w-distance on X. Then, for

any x ∈ X, there exists y ∈ X such that

ϕ(y)≤ ϕ(x) and γ(p(y,s))> F(ϕ(y)−ϕ(s)),

for all s ∈ X\{y}.

Here F : R→ R and γ : R+→ R+ are functions of special type defined in [1].

Theorem 11.2. Let (X ,ρ), ϕ : X → R, p be the same as in Theorem 11.1. Let x0 ∈ X and

A = {x ∈ X : ϕ(x)≤ ϕ(x0)}. Define an order in X as

x� y i f f γ(p(x,y))≤ F(ϕ(x)−ϕ(y)),

Then (i)–(viii) in Theorem 2.1 hold. For example, we have

(i) There exists an element v ∈ A such that v� w for any w ∈ X\{v}.

(iii) If f : A→ X is a map such that for any x ∈ A with x 6= f (x), there exists a y ∈ X\{x}

satisfying x� y, then f has a fixed element v ∈ A, that is, v = f (v).
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(iv) If f : A→ X is a map such that x� f (x) for any x ∈ A, then f has a fixed element v ∈ A,

that is, v = f (v).

Proof. Note that (i) holds by Theorem 11.1. Therefore Theorem 11.2 follows from Theorem

2.1 or Metatheorem. �

In [1], the authors generalized the Caristi fixed point theorem as follows [1, Theorem 4.1]

with independent proof. Now this is a simple consequence of Theorem 11.2(iii),(iv) by replac-

ing γ by η : R+→ R+ in another class of functions.

Corollary 11.3. ([1]) Let (X ,ρ) be a ρ-sequentially complete quasi-metric space and ϕ : X→R

a ρ-lower semicontinuous and bounded below function. Let T : X → X be a map. Assume that

there exists a w-distance p on X such that

η(p(x,T x))≤ F(ϕ(x)−ϕ(T x)) f or all x ∈ X .

Then there is z0 ∈ X such that z0 = T z0 and p(z0,z0) = 0.

This is an example of the productivity of our Metatheorem.

12. CONCLUSION

Our original Metatheorem first appeared in [15] in 1985. and the present one is given in [21]

in 2022. The original one was to find some useful equivalents of the Ekeland principle. The

present Metatheorem is an extended new form in our previous article entitled “Extensions of

various maximum principles”[21] with several applications.

In this article, our Metatheorem is applied to equivalent formulations of a number of known

theorems appeared after 2000. These theorems are mainly extensions of the Caristi theorem or

the Ekeland principle. Those extensions concern with new spaces, new topologies on them, and

new types of order relation. Some of them seem to be too artificial for practical application.

Also note that Theorems 6.3 and 8.2 only stated the equivalency of (i)–(vii), so it is open to

show whether any of them is true or false.

However, as we did in our previous work [21], in such equivalent formulations, certain max-

imal points are actually same to fixed points, stationary points, collectively fixed points, collec-

tively stationary points, and we have some information on the location of such points. No one
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recognized this fact yet. Therefore, if we have a theorem on any of such points, then we can

deduce at least six equivalent theorems on other types of points.

In many fields of mathematical sciences, there are plentiful number of theorems concerning

maximal points or fixed points that can be applicable our Metatheorem. Some of such theorems

can be seen in our previous works in [15]–[21]. Therefore, our Metatheorem is a machine to find

new equivalent theorems from some known facts with trivial proofs. This is like an industrial

revolution of making new equivalent statements.
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